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What is an equilibrium measure?



Logarithmic energy

Given a compactly supported Radon measure µ on Rn its logarithmic energy is

I(µ) :=
∫∫

log
1

|x− y| dµ(x)dµ(y) ∈ (−∞,+∞].

Examples:

• I(δ0) = +∞
• I(µ) < +∞ whenever µ is α-Frostman for some α > 0, i.e.

µ(B(x, r)) < Crα x ∈ Rn, r > 0.
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Equilibrium measures

Suppose that E ⊂ Rn is compact, and let P(E) := {µ : suppµ ⊂ E, µ(E) = 1}.

Problem
Minimize I(µ) among µ ∈ P(E).

If for all µ ∈ P(E) we have I(µ) = +∞, nothing to do.

• Example: E = {0}.

Theorem (Frostman, Fuglede)
If there is at least one ν ∈ P(E) with I(ν) <∞, then there exists a unique
minimizer of I(µ) among µ ∈ P(E).

This unique minimizer is called the (logarithmic) equilibrium measure for E.
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Examples

• E = [−1, 1]

⇝ µ =
c√

1− x2
H1|[−1,1]

• E = S1 or E = B(0, 1) ⊂ R2 ⇝ µ = H1|S1

• E = Sn−1 or E = B(0, 1) ⊂ Rn ⇝ µ = Hn−1|Sn−1
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Why is this interesting?

• If n = 2, then µ models the distribution of electric charges inside a
conducting material.

• If n = 2 and E = ∂Ω for a Wiener regular unbounded open set, then µ is the
harmonic measure with pole at ∞ for Ω.

• Identifying the equilibrium measure is a limit version of an important
discrete problem: for a fixed E ⊂ Rn and N ∈ N, what’s the configuration
x1, . . . , xN ⊂ E minimizing

N∑
i=1

N∑
j=1

log
1

|xi − xj|
?

• For n ≥ 3 a connection to higher order PDEs?
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Main result

• If n = 2, a lot of results on the structure of equilibrium measures. For
example:

Theorem (F. and M. Riesz, 1916)
If Γ ⊂ R2 is a Jordan curve of finite length, then

H1|Γ ≪ µ≪ H1|Γ.

• If n ≥ 3: very little is known.

Theorem (D.-Orponen ’25)
If Γ ⊂ Rn is a C1,α curve with α > 0, then µ≪ H1|Γ.

Before nothing was known even for C∞ curves.
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Logarithmic potentials



Logarithmic potentials

Let ν be a compactly supported Radon measure on Rn. Its logarithmic potential is

Uν(x) :=
∫

log
1

|x− y| dν(y).

Remarks:

• Uν ∈ C∞(Rn \ supp ν)
• Uν(x) ∼ − log |x| as |x| → ∞
• I(ν) =

∫
Uν(x)dν(x)

• ∆n/2(Uν) = ν in a weak sense

⇝ if n = 2 then Uν is harmonic on R2 \ supp ν

⇝ if n = 4 then Uν is biharmonic on R4 \ supp ν
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Why are they useful?

We can use potentials to

• solve PDEs,

• study measures.

regularity of potentials ↭ regularity of measures

Theorem (Carleson, Wallin ’60s)
For 0 < α < 1

Uν ∈ Cα(Rn) ⇔ ν(B(x, r)) ≤ Crα.

If we show that our equilbrium measure satisfies Uµ ∈ Lip(Rn), we’ll get
µ ∈ L∞(H1|Γ)!
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Potentials of equilibrium measures

Theorem (Frostman, Fuglede)
If µ is the equilibrium measure on E, then its potential Uµ satisfies

• Uµ(x) ≤ I(µ) for all x ∈ suppµ

• Uµ(x) ≥ I(µ) for “approximately all” x ∈ E
• Uµ is continuous on Rn.

E 8
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information above to conclude Uµ ∈ Lip(Rn)?

Idea: perhaps it’s enough to show that Uµ ∈ Lip(Γ)?
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Plan of the proof

Goal
If µ is the equilibrium measure on a C1,α-graph Γ, then µ≪ H1|Γ.

Step 1. Show that

Step 2. Prove Sobolev regularity of Uµ on Γ.
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Step 1: Potentials seen “intrinsically”



Injectivity of potentials

Theorem (Frostman, Fuglede)
Given a compact set E and measures µ, ν ∈ P(E) we have

Uµ|E = Uν|E ⇔ µ = ν.

Thus, the operator U : P(E) → {functions on E} is injective.

• What are its mapping properties on subspaces of P(E)?
• When does it have a bounded inverse?
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Intrinsic Carleson-Wallin

Theorem (Carleson, Wallin ’60s)
For 0 < β < 1

Uν ∈ Cβ(Rn) ⇔ ν(B(x, r)) ≤ Crβ .

Proposition (D.-Orponen ’25) [almost true]
If Γ is a Lipschitz graph with Lip(Γ) ≪ 1, then for ν ∈ P(Γ)

Uν ∈ Cβ(Γ) ⇔ ν(B(x, r)) ≤ Crβ .

Almost-almost true: for β ∈ [0, 1] and p ∈ (1,∞) we show that

U : Ḣβ−1,p(Γ) → Ḣβ,p(Γ)

is bounded with bounded inverse, provided Lip(Γ) ≪p 1.
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Graph potentials

Given A : R → Rn−1 denote by Γ(x) = (x,A(x)) ∈ Rn the graph map.

Given a compactly supported measure ν on R we define its graph potential
UΓ : R → R by

UΓν(x) =
∫
R
log

1
|Γ(x)− Γ(y)| dν(y).

Γ

Γ(x)

Γ(y)

x y 12
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Given a compactly supported measure ν on R we define its graph potential
UΓ : R → R by

UΓν(x) =
∫
R
log

1
|Γ(x)− Γ(y)| dν(y).

Note that

measure ν on Γ and Uν : Γ → R ↭ measure ν̃ on R and UΓν̃ : R → R.

ν̃ = (π1)∗ν

UΓν̃(x) = Uν(Γ(x))
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UΓ : R → R by
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log
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Proposition (D.-Orponen ’25)
For β ∈ [0, 1] and p ∈ (1,∞) the operators

TΓβ := ∆(1−β)/2 UΓ∆β/2

are bounded Lp → Lp, and invertible provided Lip(Γ) ≪p 1.
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Proof idea

Proposition (D.-Orponen ’25)
For β ∈ [0, 1] and p ∈ (1,∞) the operators

TΓβ := ∆(1−β)/2 UΓ∆β/2

are bounded Lp → Lp, and invertible provided Lip(Γ) ≪p 1.

• In the flat case A ≡ 0 we have TΓβ = id.

• We employ the method of continuity to show that

∥TΓβ − id∥Lp→Lp ≲p Lip(A).

• The case β ∈ {0, 1} relies on the Lp-boundedness of nice enough SIOs on
Lipschitz graphs.

• For β ∈ (0, 1) we use complex interpolation.

13
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In what follows, we’ll pretend we have the ”almost true” result:

Proposition
If Γ is a Lipschitz graph with Lip(Γ) ≪ 1, then for ν ∈ P([0, 1])

UΓν ∈ Cβ([0, 1]) ⇔ ν(B(x, r)) ≤ Crβ .

We move on to Step 2:

Goal
If µ is the (projection of the) equilibrium measure on a C1,α-graph Γ, then
UΓµ ∈ Lip([0, 1]).

This will imply µ≪ H1.

14



Step 2: Lipschitz regularity of UΓµ



Planar case

• Recall: for the equilibrium measure we have UΓµ = const on suppµ.

• If we knew suppµ = [0, 1], then we’d have UΓµ = const on [0, 1] and in
particular UΓ ∈ Lip([0, 1]).

• This is the case in R2!

E

I(µ)

suppµ

Uµ

15
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Planar case

• Recall: for the equilibrium measure we have UΓµ = const on suppµ.

• If we knew suppµ = [0, 1], then we’d have UΓµ = const on [0, 1] and in
particular UΓ ∈ Lip([0, 1]).

• This is the case in R2!

Theorem (Frostman)
If E ⊂ R2 is compact and ν is the equilibrium measure on E, then the potential
Uν is constant on E.

• Reason: Uν is harmonic on R2 \ supp ν , and we have the maximum principle.
• This does not work in higher dimensions:

∆n/2(Uν) = ν 15



Kernel decomposition

Our graph potential has kernel

KΓ(x, y) = − log |Γ(x)− Γ(y)| = − log |(x− y,A(x)− A(y))|.

We decompose the kernel KΓ(x, y) = P(x, y) + R(x, y), where

P(x, y) = − log |(x− y,∇A ∗ ψ|x−y|(x)(x− y))|
= − log |x− y| − log |(1,∇A ∗ ψ|x−y|(x))|

Γ

Γ(x)

Γ(y)

x y
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Potential decomposition

We use the kernel decomposition to decompose the potential UΓµ = Pµ+Rµ:

Pµ(x) :=
∫

P(x, y)dµ(y),

Rµ(x) :=
∫

R(x, y)dµ(y).

P-Lemma
If Lip(A) ≪ 1, then Pµ is convex on R \ suppµ.

R-Lemma
If A ∈ C1,α and β ∈ [0, 1− α], then

µ(B(x, r)) ≤ Crβ ⇒ Rµ ∈ Cβ+α(R).

In particular, Rµ ∈ Cα(R).

17
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Bootstrapping scheme

• UΓµ = Pµ+Rµ
• Pµ convex on R \ suppµ
• Rµ ∈ Cα(R)

Missing Lemma
=========⇒ UΓµ ∈ C([0, 1])

R-Lemma

⇐======

µ(B(x, r)) ≤ Cr

Ste
p 1

⇐=
==
=
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Bootstrapping scheme

• UΓµ = Pµ+Rµ
• Pµ convex on R \ suppµ
• Rµ ∈ C3α(R)

Missing Lemma
=========⇒ UΓµ ∈ C3α([0, 1])

R-Lemma

⇐======

µ(B(x, r)) ≤ Cr3α

Ste
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Bootstrapping scheme

• UΓµ = Pµ+Rµ
• Pµ convex on R \ suppµ
• Rµ ∈ C4α(R)

Missing Lemma
=========⇒ UΓµ ∈ C4α([0, 1])

R-Lemma

⇐======

µ(B(x, r)) ≤ Cr4α

Ste
p 1

⇐=
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=
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Bootstrapping scheme

• UΓµ = Pµ+Rµ
• Pµ convex on R \ suppµ
• Rµ ∈ Lip(R)

Missing Lemma
=========⇒ UΓµ ∈ Lip([0, 1])

R-Lemma

⇐======

µ(B(x, r)) ≤ Cr

Ste
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Sums of Hölder and convex functions

An elementary lemma
Suppose that U : [0, 1] → R satisfies U = P+ R where

• P is convex on [0, 1]
• R ∈ Cβ([0, 1])
• U(0) = U(1) = inft∈[0,1] U(t).

Then U ∈ Cβ([0, 1]).

U = P+ R 20



Corollary: the Missing Lemma

Missing Lemma
If µ is the equilibrium measure on Γ, and UΓµ = Pµ+Rµ with

• Pµ convex on R \ suppµ,
• Rµ ∈ Cβ(R),

then UΓµ ∈ Cβ(R).
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Open questions



1-dimensional Lipschitz graphs

Question 1
Suppose that Γ ⊂ Rn is a 1-dimensional Lipschitz graph. Is the equilibrium
measure on Γ absolutely continuous with respect to H1? What about H1 ≪ µ?

In our proof:

Step 1. Regularity of UΓµ ⇒ regularity of µ ✓

Step 2. Prove regularity of UΓµ. 7

Bootstrapping falls apart☹
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Riesz equilibrium measures

Equilibrium measures can be considered for many different energies. One of the
classical is the s-Riesz energy:

Is(µ) =
∫∫ 1

|x− y|s dµ(x)dµ(y).

Question 2
Suppose that Γ ⊂ Rn is a 1-dimensional C1,α graph. If 0 < s < 1, is the
s-equilibrium measure on Γ absolutely continuous with respect to H1?

In our proof:

Step 1. Regularity of UΓµ ⇒ regularity of µ 7

Unclear how to treat corresponding operators TΓβ ☹

Step 2. Prove regularity of UΓµ. ✓(probably)
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Higher dimensional surfaces

Just as log-equilibrium measures on curves in R2 are classical, (n− 2)-equilibrium
measures on (n− 1)-dimensional surfaces in Rn are classical.

Question 3
Suppose that Σ ⊂ Rn is a k-dimensional C1,α graph. Is the (k− 1)-equilibrium
measure on Σ absolutely continuous with respect to Hk? What about
s-equilibrium measures for 0 < s < k?

At least for s = k− 1:

Step 1. Regularity of UΓµ ⇒ regularity of µ ✓(probably)

Step 2. Prove regularity of UΓµ. 7

Unclear how to get the corresponding elementary lemma on subharmonic
functions☹
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Thank you!
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