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Favard length

Let mg(x) == x - (cos @, sin B).

(or ) of a Borel set K ¢ R? is

Fav(K /[we )| dé,

where | - | = H' denotes length.

Theorem (Besicovitch 1939)
Let K € R with 0 < H'(K) < <.

Fav(K) =0 <« Kis purely unrectifiable,

i.e. H'(KNT) = 0 for any rectifiable curve T.

In particular: Fav(K) = 0 for nice self-similar sets of dimension 1.
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Four-corners Cantor set
1
A

K3
K ==, Kn - four-corners Cantor set.

Since Fav(K) = 0, we get

Fav(K,) === 0.
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Favard length problem

Problem (Peres-Solomyak '02)
What is the rate of decay of Fav(K,) — 0?

Note:

- mo(Kp)| =27"

* |mr/6(Kn)| = const

What happens on average???
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Theorem (Mattila '90)

For any compact E C R?
Fav(E) 2 Cap4(E),

where

1
Cap,(E) = sup .
1( ) w,supp pCE 1.1(“)

Corollary: Fav(Kp) =

1

i

Theorem (Bateman-Volberg '08)
This is not sharp:
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Upper bounds

- Peres-Solomyak '02: very slow decay
- Nazarov-Peres-Volberg "10: Fav(K,) <. n~1/0+¢
- Marshall (Aug '26+): Fav(K,) <. n~"/>+¢

- Fav(Ep) < n=¢for some other self-similar sets [Bond-Volberg '10], [taba-Zhai
"10], [Bond-taba-Volberg "11], [taba-Marshall '22], [Marshall '26+]

- general self-similar sets with nice separation: only sub-polynomial bound
Fav(E,) < exp(—cy/logn) (Bond-Volberg "12)

- proofs: Fourier analysis, estimates for trigonometric polynomials
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Motivation - Vitushkin’s conjecture

Vitushkin’s conjecture (1967) on removable sets for bounded analytic functions

predicts
v(E) > cFav(E) ¥ compact £ C R?,

~(E) - “analytic capacity”

For nice self-similar sets
V(Eﬂ) ~ n_1/27

so if the conjecture is true, then
Fav(En) < n 2.

We don’t even know that for the four-corners Cantor set!

Fav(K,) <. n~V/5te (Marshall 26+)
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Random Cantor sets

- deterministic sets: unsatisfactory Favard length estimates @
- many random Cantor sets: sharp Favard length estimates!

Theorem (Peres-Solomyak '02, Chang-Shmerkin-Suomala '25)
For many 1-dimensional grid-based random Cantor sets

1
FaV(En) ~ E

almost surely and in expectation.

~  for such E, Mattila's bound is sharp a.s.
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K=, Kn — usual four corners Cantor set
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Random Cantor sets — disc models

o “synchronized rotations model”
~ (wp)n>1 1.1.d. uniform random variables on [0, 2]
o “independent rotations model”

~ 1.I.d. random variable wp for each disc D



Random Cantor sets — disc models

Theorem (Zhang '20)
For the synchronized model

E Fav(Ep) ~

S| =

Theorem (Vardakis-Volberg '24)
For the independent rotations model

1
E FaV(En) N E

10
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Forro > ry > r, > --- > 0 satisfying rpq < r,/3 consider:

Es

. E — ﬂﬂ Eﬂ —
- r,=4"% < usual four-corners Cantor set
M



Non-homogeneous four-corners set (Garnett 70s)

Forro > ry > r, > --- > 0 satisfying rpq < r,/3 consider:

E3

Problem (Mattila '04)

Characterize sequences (rn)ren such that Fav(E) = 0.
1
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What is known

Sufficient conditions:
- Besicovitch projection theorem:

liminfry4” <oo < H'(E)<oo = Fav(E)=0

n—o0

- [Peres-Solomyak '02]:

4" 1225 0o veryslowly = Fav(E) = 0.

A necessary condition:

- Mattila’s bound Fav(E) = Cap,(E) implies

= 1
Fav(E)=0 = Cap,(E) s Y
=0 12



Random variant

[Chang-D.-Del Nin '26] studies a random variant of these sets:
o “synchronized rotations model” ~ (wp)p>1 - 1.1.d. uniform rv. on [0, 27]

o “independent rotations model” ~ 1.I.d. uniform rv. wp for each disc D

13
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Solution for the random variant

Theorem (Chang-D.-Del Nin '26)
For both models

n —1
E Fav(Ep) ~ Cap;(En) ~ (Z r,jﬂ?) . (1)

k=0

- for r, = 47" this recovers [Zhang "20], [Vardakis-Volberg "24]
- Corollary: almost surely

(0.9)

1
4"

Fav(E)=0 <« Capy(E)=0 < = 00.
n=0

- Corollary: v(En) 2 E Fav(Ep)

- in the independent rotations model we adapt [CSS '25] to get an a.s. version

of (7).
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- Set apg = E|mg(En)|.
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cFixrg>rn>n>...
- Goal:

n —1
1
R

- Set Ang ‘= E|7T9(En)|.
Observation (rotation invariance)

Qng = An,o = dn

E’?TQ(EH(QM, 000 ,wn))] = E‘ﬂ'o(EH(Uﬂ — 0, e Wn — 9))‘ l

1
= E‘WO(EH(W’h P 7(,{}"]))‘ = ;E FaV(En).
15



Inductive inequality

- ap = E|mo(En)|
- Goal: estimate ap



Inductive inequality

- ap = E|mo(En)|
- Goal: estimate ap
Proposition

I'n+1 I'n41

an+’|§4 r 2

anp — c(4

a
n I'n n)



Inductive inequality

- ap = E|mo(En)|
- Goal: estimate ap
Proposition
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an+’|§4 r 2

an — C(4
nn (rn

n ,] =1
JONS an S <Z W)

k=0
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Inductive inequality

- ap = E|mo(En)|
- Goal: estimate ap

Proposition

Focus on the homogeneous case r, = 4"

1
an S an—1 — CG%71 XA EFaV(En) ~ dp ~ E




Proof of inductive inequality (Zhang '20)

- an = E|mo(En)|

- Goal: ap < ap_1—ca_,.

4

1
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j=1
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- an = E|mo(En)|
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Proof of inductive inequality (Zhang '20)

= E[mo(En)|

Goal @ L @ 1—can 1

4
1
En(w1,...,wn) = UZEH_1(W2,.. . ,wn) + Vj(w1) = 5USUS3US,
j=1

By the inclusion-exclusion principle

4
|mo(En) :Z\Wo |—Z\7To ) N mo(Sk)|-
J=1

J#R
Taking E:
Z an— 1—2E‘W05ﬂ5k|—0n 1—ZE‘7T0 ﬂﬂ'o Sk)|
J#R J#R
Goal: E’ﬂ'o( j) ﬂﬂ'o(sk)‘ > Can71
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/Fﬁ (F+ 1)) dt = // e i(s dsdt_// (s)15_s(t) dsdt = |FP



Size of the intersection

. S = lEn 1((,02, .. wn) + Vj((;.)q)
- Goal: E|7T0(S1) ﬁﬂo(Sz)’ > can 7-
FiX wy,...,wn, set F = ﬁo(ZEn_q(wz,...,wn)). l

70(S;) = F+ mo(vi(wn)) = F + %cos(jﬂ/Z +un).

Compute E,, :

2w 3 3
Emlﬂ'o(&)ﬂﬂ'o(sz)—/ [F O (F + 7 cos(m/2+wn) —  cos( +wn))| d6

/Fﬁ (F+ 1)) dt = // e i(s dsdt_// (s)15_s(t) dsdt = |FP

= |7T0( B 1(w2,...,wn)



Size of the intersection

. S = lEn 1((,02, .. wn) + Vj((;.)q)
- Goal: E|7T0(S1) ﬁﬂo(Sz)’ > can 7-
FiX wy,...,wn, set F = ﬁo(ZEn_q(wz,...,wn)). l

70(S;) = F+ mo(vi(wn)) = F + %cos(jﬂ/Z +un).

Compute E,, :

2w 3 3
Emlﬂ'o(&)ﬂﬂ'o(sz)—/ [F O (F + 7 cos(m/2+wn) —  cos( +wn))| d6

/Fﬁ (F+ 1)) dt = // e i(s dsdt_// (s)15_s(t) dsdt = |FP
|2

= |7TO( [Ep— 1(w2,...,wn))| |7T'O(En 1(W27'--7wn)) :



Size of the intersection

. Sj = %En,1((,U2, c. ,wn) -+ Vj(uﬂ)
+ Goal: E|mo(S;) N mo(Sk)| > caz_,
* Euy|7m0(S)) N mo(Se)l = [7m0(En—1(w2, - - -, wn))?



Size of the intersection

. Sj = %En,1((,U2, c. ,wn) -+ Vj(uﬂ)
+ Goal: E|mo(S;) N mo(Sk)| > caz_,
* Euy|7m0(S)) N mo(Se)l = [7m0(En—1(w2, - - -, wn))?

Take Ey, ..y

E|7T0(S}‘) N mo(Sk)| = Ea,, ... wn|mo(En—1(w2, . .. ,(,un))|2



Size of the intersection

. Sj = %En,1((,U2, c. ,wn) -+ Vj(uﬂ)
+ Goal: E|mo(S;) N mo(Sk)| > caz_,
* Euy|7m0(S)) N mo(Se)l = [7m0(En—1(w2, - - -, wn))?

Take Ey, ..y
E|m0(Sj) N 70(Sk)| & Bay,... w0 [T0(En—1(w2, - . . ,wn))|?

> (Bunyin m0(En-1(w2, -, 0n)))’
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. Sj = %En,1((,U2, c. ,wn) -+ Vj(uﬂ)
+ Goal: E|mo(S;) N mo(Sk)| > caz_,
* Euy|7m0(S)) N mo(Se)l = [7m0(En—1(w2, - - -, wn))?
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> (EW2,~~-,WH|WO(E”—1 (wzv 900 7wf7))‘)2 = 02—1'
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. Sj = %En,1((,U2, c. ,wn) -+ Vj(uﬂ)
+ Goal: E|mo(S;) N mo(Sk)| > caz_,
* Euy|7m0(S)) N mo(Se)l = [7m0(En—1(w2, - - -, wn))?

Take Ey, ..y
E|m0(Sj) N 70(Sk)| & Bay,... w0 [T0(En—1(w2, - . . ,wn))|?

> (EW2,~~-,WH|WO(E”—1 (wzv 900 7wf7))‘)2 = 02—1'

S| =

= ay<ap1—cat, = ap<



Size of the intersection

. Sj = %En,1((,U2, c. ,wn) -+ Vj(uﬂ)
+ Goal: E|mo(S;) N mo(Sk)| > caz_,
* Euy|7m0(S)) N mo(Se)l = [7m0(En—1(w2, - - -, wn))?

Take Ey, ..y
E|m0(Sj) N 70(Sk)| & Bay,... w0 [T0(En—1(w2, - . . ,wn))|?

> (EW2,~~-,WH|WO(E”—1 (wzv 900 7wf7))‘)2 = 02—1'

S| =

= ay<ap1—cat, = ap<

Thank you!
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