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Solution .
Let fES(R), AEIR such that A1>100

,

and oc1
.

Aim : We went to prove that

lin I x Hf(x) - ES
,p7(x-3) dy) - 0

,

s = 0
, *

E
1x) - 25

which shows that lim / =HE(x) - =(3) dy) = 0
.

**

1x1 + 4

Before pooring * we observe that ** concludes the exercise :

it is enough to argue as in Corollary 3
.

3 of the lactice notes
.

Hence
,

we turn to the proof of 1 . First
,

we write

I 12 .HEG) = xef x
2[f(x -z) - f(x)] dy

-

ly

dy= I
E lyk Al y

2

f(x -y)
+ x I My S y) dy-

y

I'1(yk2(x) 1y122(x)

= : +Ins Iz + I3

Hence
,

we estimate the terms separately .

I
1

,
E

First observe that
, for 3 = B(x

, y) we have :

3- B(x, y) = 131 = (x 1 + 1y) = zkx) ,

1512 (x) - 1y) <
'

1



Thus :

=S =2(f(- y)- f(x))dy = k <p /F(3))
,

In

gyk
181 * (3)()

So I
,

-> 0 miforly on 350 for It0 because Fe S (IR) .

I
3
It is enogh to observe that

(y) < 2(x) = (x-y) = (x -y) - () = |x)

So :

-

B
13 = S If(x -x)) =S Al If(x-y)) dy ,kx12 dy

18)
lyK - 2(x)

1x - y) = (x)

~
↑

which converges to o as Al- +o because f=S(IR),

In we write

/Fa -

+ (
,T

-z)dy) =

=IS ( f(x-3) -
+ Ex - z)dy) + 1 = S f(x - y)4y)

I () <2|x) 13kV(8122

=
: A(x) + B(x) .

I = x-y & triangle ,nequality
A↓

Now Ba = AIS 17kg/dy kSk 17(3)/ d3 .

S

IYKEV /y1321

So
,
BK) -O OS I < +1 because ftS(IR) .

Finally ,

(A(x)1 = Alf I IIfA-zIdy = (21 If(z)/dz ,

E 14 |2|x) (((z)12/
2



↑

Sa(A(x)1 +
0 as A1 c + again becerse fo S(RR) ·

Hence
,

we gather the estimates ae performed so fet and
de obtcein :

( + +
247(x) - x(7k-x)8y) = (F) + (Axx)+ /B(>1 + /Es) ,1

,5

for A1-V12 + 0 ↓
⑧

which proves * and
,
hence

,
solves the exercise .

↑

/

Solution .

(i) Let Q -
and Ka be as in the statement

,
and let LeI(R) .

We erite :

kka-R
,
> I* /(2 - 113(2))f(y) dy

-Sinsls-)7dy- Six 7(a) dy

- Hans les -) flay) Seiz 7(2)dy) =:

aE



y2- y-s -21s =

S
,y

y(y + 32)
elady : Siste , 7(3) dy

2
E

= S zfizadz I If(z)(dz
⑰

-

change y = St |t1> 1 12 1 1

verbes dy = 2 dt

Here 1
- 0 as 2 + 0 by dominated convergence theorem

and observing that S
is

F(0)dt =
0 by antisymmetry .

2 = S
,y

927(2) dy
- Elsedz(
↑
a z

=> I ,

AISt-> We can apply D .
C

.
T

. again and

obtain that 22 to as ENO
1211 1 I

together with the fact that I flodt = 0 ·

(t)1 !

a...

:: Let fe(R) . < Yo
,
f & <To ,

E = Ihks ,
7 =

⑧ by (i)!

I 1

-= Qa, + I Ra k-f

=Elsi :
I



e

ii We proceed with the calculation .

= "( -xisgn(3) exp(- 2+ (51)

Four inver, in
↓ inf sqn(3)exp(-23151) expletix . 3) d3I ~

R

sqn⑧
E xi(°exp(24(5 + ix)3)d5 - xi(ep(2n (- +ix)3) dS

-
Es

I- ei (enation astix" is ch

·

Qq(x) => I - (1) is given by a function .

by itivity of "cen 3 CR) .

We an conclude observing that him *=(3) =-: syn (5)
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for -E IR 190 , 13

Solution
.
For st (0 , 1) and + 0

,
1

,
and define

Face : =

gic
S de and F(x) =

= log) 1.

Noor
,

we split cases depending on the position of X .

menene

- ④⑱ 0 ↑ 1
~

case 1 cuse 2 call 3
-

Case 1
.
Assume that x <(0,) and that Ie(0,

A1) ·

We he

Fa(x) = I dy = S Fy dy= FA F EEC0
,
/I .

1y - x)32

Case 2 . Assume that x- Co,
1)

,

and that 330 is st . [x-2
,

x+ 2] CT0 , 1 .

It holds :

Fa(x) = I xixs(y) dy = I
**

+Its yay
My- xkd+

-

y

=lay I + log
ix
, =

lay, =

F(x) Is as above
.

Case 3 . Andogas to Case 1
.
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Ene

mesin
It's evident that FGL

*

(IR) .

· let's show that F * (RR) ·

For (x1= o ,
we frame

1F(1 < (log All-(log (x-11) = / logHx)) -
- => FGCSIR) .

-

= a (locel smoothers of logt-r)
away from x

=
1 (

7



solution . Let EELCIR) ,
and for be the function defined above

.

Observe that fr =2, (IR) => fat (IR) F m
.

Moreover
,

1) H(fn - f) 12 xR) = 11fm-Ell- R)

=> possibly by passing to a subsequence we have

HEn(x) : HEA) for a.
e

. xERR
.

Moreover
,

X *GCSS-sypp/f) I FG) < O such that

dist(x
, supp(fn)) - desypSE) = : S Y m <T()

.

For such values of i it holds
fmtS((R)

HAmk) -Es y )()-)
= S

x-x2
y
(Ancys-f(x) dy I

*
2.18) Ilfr-Ellcram -> 0 as M-2.

caudy - Start
Hence HAK= If y

for a.
e

. x * ess-syp(f) : 8


