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Abstract

Notes for the course Singular Integral Operators lectured at the Univer-
sity of Jyvéiskyld in Autumn 2023.
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1 Introduction

This course will focus on singular integral operators, which are operators of the
form

Tf() = [ K(z.y)f(y) dy.

where the kernel K (z,y) has a singularity on the diagonal x = y. These operators
appear naturally e.g. in the theory of partial differential equations, and they have
been studied for over a century. The prototypical example is the Hilbert transform

Hf(z) = lim 1/| /W) dy.

=0T Jjz—yl>e T — Y

The basic questions we will study concern the mapping properties of singular
integral operators: for which 1 < p < oo and under what hypotheses on the kernel
K is the operator T" bounded on LP?, in the sense that

T fller <Ol fllze-

The material we will cover reflects both the long tradition of this field, and the
fact that it is still an active area of research. We will begin by studying the Hilbert
and Riesz transforms, which date back almost 100 years back. Then, we will move
on to the Calderén-Zygmund theory, which revolutionized the field in the 1950s.
Finally, we will discuss singular integrals in the weighted setting, which is a much



more recent topic. The grand finale will be the proof of the A, theorem, which was
shown by Tuomas Hyténen in 2012 [Hyt12]. We will follow a short and elegant
proof from [LerT6] which uses a cutting-edge technique called sparse domination.

The field of singular integral operators is huge, and we will only scratch the
surface in this course. We refer interested readers to the textbooks [Duo(1, Graldal,

We claim no originality for any of the proofs. While preparing these lecture
notes we used the books mentioned above, as well as [Con13, LerT6, [LNTY, Par20].



2 Preliminaries

Before getting started in earnest, we recall briefly some useful facts and definitions.
For proofs and details, see e.g. Chapters 1 and 2 of [GraT4al.

In these notes we sometimes use the notation A < B, which stands for “there
exists a dimensional constant C' > 1 such that A < CB. We write A ~ B instead
of AS B<S A

2.1 Schwartz functions and tempered distributions

Definition 2.1 (Schwartz functions). A function f € C*°(R") is a Schwartz func-
tion, denoted by f € S(R"), if for every pair of multi-indices o = (ay, ..., a,),
B = (f,...,0n) € N* we have

pas(F) i= sup [a” - (z)| < ox.
xe n
We will say that a function decays rapidly if it decays at oo faster than any
polynomial. Hence, Schwartz functions are precisely those C*°(R™) functions which
decay rapidly and whose all partial derivatives decay rapidly.

Example 2.2. Any smooth and compactly supported function is a Schwartz func-
tion, so that C°(R™) C S(R™). A simple example of a non-compactly supported
Schwartz function is e~ 17”.

One of the reasons Schwartz functions are useful is the following density result.
Lemma 2.3. The Schwartz functions are dense in LP(R™) for all 1 < p < co.

Note that S(R™) is a vector space. A topology on S(R") can be defined using
the family of semi-norms p, 3, and it is compatible with the following notion of
convergence.

Definition 2.4 (convergence in S(R™)). Given f € S(R") and a sequence fj €
S(R™), we say that fi coverges to f in S(R™) if for all multi-indices «, 5 € N”

Jim pos(fs = f) = 0.

Definition 2.5 (tempered distributions). We denote by S’(R™) the dual space of
S(R™), i.e., the space of all continuous linear functionals 7" : S(R") — C. The
elements of §'(R") are called tempered distributions.

Given T' € §'(R") and f € S(R"), instead of writing T'(f) we will write (T, f),
and we will call it the action of T on f.
We have the following useful characterization of tempered distributions:



Lemma 2.6. A linear functional T : S(R™) — C is a tempered distribution if and
only if there exist m,k € N and C > 0 such that for all f € S(R")

(THI<C > paslf)-

la[<m, [B|<k

Ezample 2.7. Any function g € LP(R"),1 < p < oo, gives rise to a tempered
distribution 7, € §'(R") defined via (T, f) = [ f(x)g(x) dz.

Example 2.8. Any finite Borel measure u gives rise to a tempered distribution
T, € S'(R") defined via (T),, f) = [ f du.

In the case of tempered distributions as above, we will often identify 7}, with
g, and T), with p. For example, the statement “7" € S’'(R") is a C°°(R") function”
should be understood as “there exists f € C°°(R") such that 7' = T}.” The Hilbert
transform we will define shortly will provide us with an example of a tempered
distribution which is neither a locally integrable function, nor a measure.

Many common operations performed on functions can be extended by duality
to tempered distributions. For example, given h € S(R") and T' € S'(R"™), we
define their convolution as a tempered distribution 7" h € S'(R™) given by

(T s h, f) = (T, h*f),

where h(z) = h(—x). Similarly, the product of h € S(R") and T' € §'(R") can be
defined as a tempered distribution AT € S’(R™) given by
(WT, f) = (T, hf).

Proposition 2.9. Given h € S(R") and T € S'(R") the convolution T x h belongs
to C(R™). Moreover,
T« h(z) = (T,h(zx —-)).

2.2 Fourier transform

Definition 2.10. The Fourier transform of f € S(R") is defined as
@) = [ fye s du.

Sometimes we will denote it by F(f) instead of f.

The Fourier transform is a homeomorphism of S(R") to itself, and its inverse
is given by

v

f@)= [ Fe™ do = f(-a),



sometimes denoted by F~1(f).
The Plancherel identity asserts that for any f € S(R")

||f||L2(R”) = ||f||L2(]R")~

By the density of S(R™) in L*(R"), this allows us to extend the Fourier transform
to an isometry of L*(R™).

One may further extend the definition of Fourier transform to all tempered
distributions using duality: for any T € &'(R") we define T € S'(R™) via

(T, f) = (T, f).
We list a few properties of the Fourier transform we will use later on.
Lemma 2.11. If f € S(R") and T € §'(R™), then

A

(i) F(0°f) = (2mi&)* f,
(ii) 0°f = F((=2mix)*f),
(iii) T+ f =Tf.

2.3 Weak and strong type inequalities

In this subsection we assume that (X, p) and (Y, v) are two measure spaces.

Definition 2.12. Given 1 < p,q < oo and an operator 1" mapping functions from
a dense subset of LP(X, u) to measurable functions on (Y, v), we say that T is of
strong type (p, q) if there exists C' > 0 such that

T fllLavwy < Cllfllrx -
We say that T is of weak type (p,q) if there exists C' > 0 such that for all A > 0

ey s il < ¢ (Msea )

It is easy to see that strong type (p, q) implies weak type (p, q).

Definition 2.13 (sublinear operator). An operator 7' defined on a linear space of
measurable functions on (X, u) and taking values in measurable functions on (Y, v)
is sub-linear if

T(f+ 9l <ITfl+|Tgl and [T(Af)]=[N[Tf].
The Marcinkiewicz interpolation theorem stated below plays a crucial role in
the theory of singular integral operators.

Theorem 2.14. Let 1 < pg < p1 < o0. Suppose that T is a sub-linear operator
mapping LP° (X, u)+ LP* (X, u) to the set of measurable functions on (Y,v). If T is
of weak type (po, po) and (p1,p1), then it is of strong type (p,p) for all po < p < p.



3 The Hilbert and Riesz transforms

In this section we will study the prototypical singular integral operator, the Hilbert
transform, as well as its higher dimensional counterparts, the Riesz transforms.
The Hilbert transform arises naturally e.g. in the study of boundary values of
analytic functions, in questions regarding the convergence of Fourier transform,
or in signal processing. While we will not study these applications, they may be
chosen as a presentation topic to pass the course.

3.1 The Hilbert transform on S(R)

The Hilbert transform is the singular integral operator associated with kernel
K(x,y) L__ We begin by defining it for Schwartz functions.

~ w(a—y)
As a first attempt at defining it, one could try to simply integrate against the
kernel: .
17 fly) .
TJrRT —y

However, the expression above is highly problematic. Even for a very nice function
f, say, f € CX(R), it is easy to see that as soon as f(x) # 0, the integral above
is not well-defined! This is because (x — y)~! has a singularity at x which is not
integrable.

To avoid this issue, we first consider the following truncated Hilbert transform.

Definition 3.1 (truncated Hilbert transform). For f € S(R) and ¢ > 0, we define
the truncated Hilbert transform of f as

H.f(x) = 1/ 1) dy = 1/y|>6 Mdy.

T Je—y|>e T — Y ™ Yy

Note that, by the rapid decay of Schwartz functions, H. f(x) is well-defined for
every x € R.

Definition 3.2 (Hilbert transform). For f € S(R), we define the Hilbert transform

of f as
Hf(z) = lE%HEf(‘%) :liml Md

=0T Jlyl>e Y

Y.
Clearly, for x ¢ supp f this is well-defined, and in fact

1
1 /) dy

TJRT —Y

Hf(x) for = ¢ supp f. (3.1)

Let us show that H f(z) is well-defined also for = € supp f.



Lemma 3.3. For any f € S(R) and x € R the limit lim._,o H. f(z) exists, and we

have

T Jy[>1 Y

Proof. Fix € > 0. Note that, since the kernel i is odd, it has zero mean on any
symmetric pair of intervals around the origin, and in particular

1
/ — dy = 0.
e<|lyl<1l Y

It follows that

f@—th:/‘ ﬂx—w—f®hw+ flz—y)
ly|>e Y e<lyl<1 Y ly[>1 )

Y.

The second integral on the right hand side is just a constant that does not depend
on . Concerning the first integral, observe that by the mean value theorem the
integrand is uniformly bounded

|ﬂx—w—f@)
y

<N Moy,

and so the limit exists and we have

ﬂx—m—f@%@:/ﬂﬂx—w—f@hi
0 y

lim
e=0 Je<|y|<1 Y

Y.
[

We showed that the Hilbert transform is a well-defined, linear operator defined
on S(R). Later on, we will be interested in extending it to the LP spaces for
1 < p < o0. One way to do that is by showing that H is of strong type (p,p), i.e.
that for all f € S(R) we have

I flle@y < Coll fllre)-

After establishing such inequality, we may use the density of S(R) in LP(R) to
extend the Hilbert transform to functions in LP(R). The exercise below shows
that we may only hope for the strong type (p, p) inequality to hold for 1 < p < oo.

Ezercise 3.4 (1 point). Let f = 1j91). Show that for z € R\ {0, 1}

lim M dy = log
=0 Jjz—y|>e T — Y

:1:—1"

Conclude that the Hilbert transform is neither of strong type (0o, 00) nor of strong
type (1, 1).



So our goal is estimating || H f||L»(r). As a warm-up, we prove that for f € S(R)
we have Hf € LP(R) for all 1 < p < oo. This is a consequence of the following
asymptotic identity.

Lemma 3.5. For f € S(R) we have

tm o Hf () = [ fy) dy

|x|—o00

Proof. The proof is similar to that of (872). We use the oddness of kernel i once
again to get that for any x € R with |z| > 0

T - Hf(q;) = li_r}%g]/ly>ef($y_y) dy
. fla—y) — f(2) AC)

x —
y|>2]x| Yy

Regarding I, note that for |y| < |z|/2 we have |z|/2 < |z — y| < 3|x|/2, and
so by the mean value theorem
2 / 2/ |z|—o0
[Lf <zl sup  [f(E]~  sup  EEF(E)] —— 0,

|lzl/2<|¢1<3|x|/2 |z|/2<|¢|<3|x|/2

where in the last step we used the rapid decay of Schwartz functions.
Concerning I3, we have |z — y| > |z| whenever |y| > 2|z|, and so

[f(z = y)]

I < |z
] < fa w2zl 2|7]

dys/l llf(2)|dzM07
zZI>\x

since f is integrable.
Finally,

X
Lr/f(x_y) dy = /'i;<|y|<2|:c (y - 1) flo=y) dy_/|y|<x|/2, o ot | ) A

which gives

’-72—/ flz—y) dy‘ < /,Zil

v "J\ el vt | Fe=y)| dy

<lyl<2lz| | Y I<|z[/2, or |y[>2|z|
S [lef@ldy+ [ 1fE)]dy 2250,
|| 21>zl /2

]



Corollary 3.6. For every f € S(R) we have Hf € LP(R) for all 1 < p < oc.
Proof. Note that by (B2) and the mean value theorem we have

1 fllzoe@) S 1 e @) +81€1£\$ - f(@)], (3.3)

so the Hilbert transform of a Schwartz function is bounded. Thus, whether H f €
L? for 1 < p < oo depends only on the decay rate of H f at infinity. By Lemma BT,
for |z| large enough we have |H f(z)| <y ™!, and it follows that H f € LP(R) for
all p > 1. [

Exercise 3.7. Let f € S(R). Show that Hf € L'(R) if and only if [z f(y) dy = 0.
A hint: Modify the proof of Lemma B to estimate the asymptotics of 22 - H f(x)
as |x| — oo.

3.2 The Hilbert transform on L*(R)

In this subsection we extend the Hilbert transform to L*(R). We begin by com-
puting the Fourier transform of H f.

First, since for any f € S(R) we have H f € L?(R) by Corollary B8, the Fourier
transform ﬁ? is well-defined as a function in L2. Below we compute its precise
value.

Proposition 3.8. For any f € S(R) we have

A

Hf(&) = —isgn(&)f(§) forae £ER. (34)

To prove this, we start by taking a slightly more abstract point of view. Since
the Hilbert transform is linear, and we have the estimate (B23), we can define a
tempered distribution Ty € S'(R) by

(T, f) = —Hf(0) = liml @ dy.

20T Jyl>e Y

Note that
Hf(z) = (To, f(x —)) = To = f(z).

Taking the Fourier transform (in the sense of distributions), we see that
Hf =T, f, (3.5)

where the product is also understood in the sense of distributions: for any ¢ € S(R)
we have (H f, ) = (T, f¢). -

As a consequence of (B3), to prove (B4) it suffices to show that 7y, which
a priori is just a tempered distribution, is in fact a function, and that Ty(§) =

—isgn(§).

10



Lemma 3.9. We have Ty(€) = —isgn(€).
Proof. An exercise. Some hints:

(i) Let K.(y) = il‘y|>€, so that (Tp, f) = %limaﬁo(KE, f), and consider Q.(y) =
Y . Show that

y2+52 .

lim (K. — Q.) =0 inS'(R).

e—0

(ii) Using the above, argue that fo = %limg_ﬂ) C/Q\a, in the sense of distributions.

(iii) Show that Q.(x) = F_'(—mi sgn(&)e~27¢N) (2). Conclude that T, is given by
a function, and that 75 (§) = —isgn(§).

O

As a corollary of Proposition B8 and Plancherel’s identity, we can define the
Hilbert transform of functions in L*(R).

Corollary 3.10. For any f € S(R) we have

IH fllz2) = (£l r2w)-

Consequently, the Hilbert transform extends to an isometry of L*(R). Moreover,
for any f € L*(R) its Hilbert transform satisfies

A

HJ() = ~isgn(€)f(¢).

Recall that for f € S(R) we have a nice formula for H f(z) assuming x ¢
supp f, see (B). It is easy to see that the same formula holds for f € L*(R).
FEzercise 3.11. Show that if f € L?(R), then for a.e. = ¢ supp(f)

1 fw)

TIJRT —Y

H f(x)

dy.
Here, supp f denotes the essential support of f.

3.2.1 Truncated Hilbert transform

In Definition B0 we introduced the truncated Hilbert transform

H.f(x) = / ) dy

lz—yl>e T — Y

11



for f € S(R). However, the same definition makes sense for f € LP(R) for all
1 < p < oo To see that, we use Holder’s inequality to show that the integral

defining H. f converges absolutely:
Iy Lig—y|>e
DN gy < il | Heize
r—y

/Iar—y|>€ r—Yy

where 1/p+1/g =1, so that 1 < ¢ < 0.

By the definition of Hilbert transform, we have H f(x) = lim._,o H. f(z) for all
f € S(R) and x € R. It is natural to ask for a counterpart of this statement for
f € L*(R); for example, do we have H.f — H f in L? sense? We are able to show
this if we assume that all truncated Hilbert transforms are of strong type (2,2),
in a uniform way.

< 00,
La

Proposition 3.12. Suppose that there exists a constant C' > 0 such that
sug | Heflle2m) < Clfll2m) for all f € L* (3.6)
e>

Then, for every f € L*(R) we have H.f — Hf in L*.
Proof. Let f, € S(R) be such that f, — f in L?. Then, Hf, — Hf in L? and

we have
|Hef—Hf||2 < |[Hef —He foll g2+ He fo— H foll g2+ | H fo— H f|| 12 = Ly + I+ 1.

The term I3 converges to 0 because H f,, — H; in L? whereas I; converges to 0
because

(8D) o0
[Hof = Hefallze = |Ho(f = fllliz < Cllf = falle == 0.
It remains to estimate Iy = ||H.f, — H f,||z2. By (82) we have

l € fn(.%—y)_fn(x) dy < % sup |fT/l(Z)|

T J—e Yy T ze(z—e,x+¢)

|Hefn(x> - an(x” =

Set gn(T) = SUD,c(y—cote) [fn(2)|. Since f;, decays rapidly, we get that g, also
decays rapidly, and so

2e
L= ”Hsfn - I—IanL2 < ?Hgn”LQ'

Hence, for any 0 > 0 we may take n large enough such that I; + I3 < 9§, and then
e > 0 small enough so that I, < 4. Then, we have ||H.f — H f||z2 < 26, and taking
0 — 0 concludes the proof. O

The question remains, how to show the estimate (B)? We will address this
later on when we prove the so-called Cotlar’s inequality for general singular integral
operators.

12



3.3 The Riesz transform

Before moving on to general singular integral operators and their LP-theory, we
briefly discuss another important family of operators, the Riesz transforms. They
are higher dimensional counterparts of the Hilbert transform.
Definition 3.13. For f € S(R™) and 1 < j < n, we define the j-th Riesz transform
of f as
. T —y;
R;f(x) = }}E% Chn ayl>e Wf(y) dy,

n+1
2

where C,, = T'(%3!) /7
As in the case of the Hilbert transform, there is a simple formula for the Fourier

transform of R, f.

Proposition 3.14. For any f € S(R™)

R;f(€) = —iféf(f)- (3.7)

The proof is similar to that of Proposition B4, although there are additional
difficulties. The interested reader can find the full proof e.g. in [Gralda, Proposi-
tion 5.1.14].

As an immediate corollary of (87), we get that for all f € S(R")

1R; fll2@ny < [ fllz2@n), (3.8)
and we may extend the Riesz transforms to L*(R™).

Finally, we give a simple application of (BJ), which also motivates the study
of LP-bounds for the Riesz transforms for 1 < p < oo.

Proposition 3.15. For f € S(R") and 1 < j,k < n we have

In consequence, for any 1 < p < oo such that the bound || R; f || Lrrny < Cpl| f1]Lr@n)
holds for all 1 < 7 <n, we have

1050 fllLony < (Cp)* N A S| o). (3.10)
Proof. By taking the Fourier transform of 0;0; f we get

A

F(O,00)(€) = (2mic,)(2micn) £(€)
= — _Z‘§ —ifi _ 71'2 2\
- ( \sr>< rs\>( ERI©)

= —F(B;ReAS)(E).
Taking the inverse Fourier transform finishes the proof of identity (Bd). The
estimate (B1M0) follows immediately. O

13



4 Calderén-Zygmund theory

In this section we begin the study of general singular integral operators.

4.1 Standard kernels and Calder6n-Zygmund operators

The operators we will consider will be associated to the following kernels.

Definition 4.1 (standard kernel). We say that a Borel function K : R"xR"\{(z, z) :
x € R"} — C is a standard kernel if there exists 6 > 0 and C' > 0 such that

K (z,y)| < Fa—Ty (4.1)
y — y/ é )

K (2,y) - K(z,9/)] < ol'_yl’ oyl > 2 -y, (42
T — ZB/ 1 )

Ka) - K@l <P Eh itleyl>2e-2) @y

The bound (20) will be referred to as the size condition, while the other two
estimates will be called the smoothness conditions.

Remark 4.2. The estimate |z —y| > 2|y —v'| appearing in the smoothness condition
can be interpreted in the following way: it is the estimate ensuring that %|x —y| <
|z — | < 2]z —y| (this follows easily from the triangle inequality).

We give a few examples.
Ezample 4.3. The Hilbert transform kernel K(z,y) = —= is a standard kernel

Ti—Yj
lz—y[ 1

on R. More generally, the kernels K(z,y) = associated to the Riesz

transforms are standard kernels on R™.

Example 4.4. Given f € C>°(R?) the solution to the Poisson equation Au = —27 f
is given by the logarithmic potential of f

u(r) = /RQf(y) log <’$iy’> dy.

It can be shown that the mixed partial derivative 0,,0,,u is given by the singular
integral operator

HES
a9018902“(‘7“) = lim O(x_m)f(y) dy7

e=0 Jjz—yl>e |z — y|?

where Q(x) = szl‘“ﬁ?, see [CZ52, p. 130]. By the exercise below, the kernel
associated to €)g is a standard kernel.

14



Ezercise 4.5. Show that for every Holder continuous € : S*"! — C the kernel
defined by

K(z,y) = Q(ﬁ:Z\)

=y
is a standard kernel on R"™.
Ezample 4.6. The kernel
1
K(Z,w):m Z,MGC,

is a standard kernel. It is associated to the Beurling-Ahlfors transform, which
plays a fundamental role in the theory of quasiconformal mappings, see [Ast94).

The three examples above are kernels of convolution type, in the sense that
K(x,y) = Ko(z — y) for some K, : R" \ {0} — C. The next example shows that
there are interesting kernels of non-convolution type, which justifies developing the
theory in this generality.

Ezample 4.7 (Cauchy integral along a Lipschitz graph). Let A : R — R be a
Lipschitz function, and let I' = {(¢, A(t)) : t € R} € C. Given f € S(R) let
F :T — C be given by F(t+iA(t)) = f(t). The Cauchy integral of f is defined as

Fw) 1 [ {004+ iA(0)
w—z C2miJr t+iA(t) — 2

Crf(z) = ! /F

2mi

dt,

and it defines an analytic function on C\I'. One can compute the boundary values
of Crf(z) on I:

lim Crf(z +i(A(z) —€)) = 217” lim /Mx — ‘Z(fgt;?,_(tf)&x)) t— ;f(a:),

see [Graldh, Chapter 4.6]. This leads to the study of the Cauchy transform

— lim fw)
Tf(x) N l—ﬂ) lz—y|>e T — Y + Z(A(ZC) — A(y)) dy7

whose kernel .

z—y+i(Alz) — Ay))
is a standard kernel of non-convolution type. For more information and the history
of the Cauchy transform see [[TolT4, Ner21).

K(x>y) =

(4.4)

15



FEzercise 4.8. Prove that if A is Lipschitz, then the Cauchy kernel (£2) is standard
with § = 1.

We are ready to define our main object of study in this course: the Calderéon-
Zygmund operators.

Definition 4.9 (Calderén-Zygmund operator). We say that a linear operator T :
L*(R") — L*(R") is a Calderén-Zygmund operator if

(i) T is of strong type (2,2),

(ii) there exists a standard kernel K such that for all f € L?*(R") with compact
support

Tf(x) = [ K(w9)f () dy  for o ¢ supp f. (4.5)

Whenever (B3) holds, we will say that T" is associated to the kernel K.

We make a few clarifying remarks regarding the definition of Calderén-Zygmund
operators.

Remark 4.10. We stress that the definition of a Calderén-Zygmund operator as-
sumes that the operator is bounded on L?. We already know that this is true for the
Hilbert transform and the Riesz transforms, and so they are Calderén-Zygmund
operators (the property (ii) was shown in Exercise BTI).

While the other operators mentioned in Examples B4, B8, B4 are also bounded
on L?, in general it is far from obvious. For example, proving the L?-boundedness
of the Cauchy transform on Lipschitz graphs was a major open problem for decades,
and it was only solved in [CMMR2]. We will not cover this result.

There are some sufficient conditions on kernels K that imply the L2-boundedness
of associated operators, see [Duo01l, Chapter 4]. This may be a topic for a presen-
tation.

The following exercise shows that a Calderéon-Zygmund operator uniquely de-
termines its kernel.

Ezercise 4.11. If T' is a Calderén-Zygmund operator such that (E23) holds with
two kernels K7 and K5, then K| = K, a.e.

The converse is not true. The trivial kernel K = 0 is associated both with the
zero operator T' = 0 and with the identity operator 7' = I. In general, for any
b € L*(R™) the pointwise multiplication operator

is a Calderén-Zygmund operator associated with the kernel K = 0. However, this
is the only ambiguity.
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Lemma 4.12. Suppose that Ty and Ty are two Calderon-Zygmund operators as-
sociated with the same kernel K. Then, there exists b € L*(R™) such that

T\ f =Tsf +bf.

Proof. Let T = T} — 15, so that T is a Calderén-Zygmund operator associated
with the kernel K = 0. Our aim is to show that T'f = bf for some b € L>*. We
will only prove this identity for characteristic functions, the case of general f € L?
follows by the density of simple functions in L?.

First, we claim that for all measurable sets F, F' C R" with 0 < |E|, |F| < oo
we have T'(1g) = 1gT(1g) and

1,T(15) = T(1pnr). (4.6)

Indeed, we have T'(1g)(x) = 0 for a.e. x ¢ E, since T is associated to K = 0.
This gives T'(1g) = 1T (1g), and also it shows that 17(1g) = 1T (1g). By
linearity of T,

1pnrT(1g) = 1pnrT (1gar) + 1enrT (1p\r)
= 1nrT(1enr) + 1parlerT(1p\r) = 1earT (1par) + 0.

This gives (23).

Formally, we would like to define b = T'1, but since 1 ¢ L?, we have to work a
bit to make this rigorous. Let {Q)}geco be a family of closed unit cubes tiling R™.
Let bg = T(1¢). Note that supp by = supp7'(1g) C Q.

By the Lebesgue differentiation theorem, for a.e. x € R™ we have

bo ()] = lim —‘IB(J:’T) e dy‘.

M 1B (.7

We use the Cauchy-Schwarz inequality and the L?-boundedness of T' to get

(L3)
b dy‘ =
/B(x,r) @

1pmT(10) d :/ T(Longw) d
/B(w) BenT(1q) y’ o (1onB(m) ?J‘

< B, )" T(Lonsen)llze < C1B(z,r)[V*1Q N B(w,r)] 2.

Together with (B=7) this gives |bg(z)| < C for a.e. = € R, so that by € L*.
Recalling that suppbg C @, we get that

b= Z bQ e L.
QeQ
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We claim that for any bounded measurable F C R™ with 0 < |E| < oo we have
T1g = blg. Indeed, such E intersects only a finite number of ) € Q, and then

T(1g) = Z T(1png) @ 1p Z T(1g) = 1gb.
QeQ QeQ
]

Our goal is to prove the following fundamental result due to Calderén and
Zygmund.

Theorem 4.13. Suppose that T is a Calderon-Zygmund operator. Then, T is of
weak type (1,1), and of strong type (p,p) for 1 < p < oo.

We will prove it over the following two subsections.

4.2 Calderén-Zygmund decomposition

Definition 4.14. The family of dyadic cubes in R", denoted by D(R"), is defined
as

D(R™) = {Qk(m +10,1)") = ﬁ[rkmi, 27 m;+27%) - meZ" k¢ Z} :

i=1
Given @ € D(R"), we will denote its sidelength by ¢(Q). We set
Di(R") ={Q € D(R") : (Q) = 27"}

When the ambient space R™ is clear from context, we will write D instead of
D(R™). Note that in our definition dyadic cubes are half-open, half-closed, so that
for a fixed k € Z the family Dy (R™) consists of pairwise-disjoint cubes, and it is a
partition of R".

We point out several important properties of the dyadic cubes:

(i) For any @, P € D(R™) we have either QNP =@, 0or Q C P,or P C Q.

(ii) For every @ € Di(R") there is a unique Q € Dy_1(R") such that Q C Q.
We will call Q) the parent of Q.

(iii) Every @ € Di(R") contains exactly 2" cubes from Dy1(R™). We will call
these cubes the children of Q.

These properties endow D(R") with a natural tree structure based on the parent-
child relation.

The following is the main result of this subsection, and it is crucial for the
proof of Theorem E_T3.
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Proposition 4.15. Let f € L'(R™) and a > 0. There exists a decomposition of
f of the form

QeB

where B is a collection of disjoint dyadic cubes, and which satisfies the following:
(i) the “good part” g satisfies |lgllp < |fli+ and |lgllz= < 2'a,

(ii) each “bad function” bg is supported on Q, satisfies Jobg =0, and

ool < 2" al@], (4.8)
(iii) for each Q € B we have
1
aS—/fSZ”oz, 4.9
Q1)o7 49
(iv) we can estimate the total measure of cubes in B by
fll
QeB a

Proof. We will say that a cube Q) € D is bad if

1
M/Q|f|>a.

A bad cube @ is called maximal if there in no other bad cube @’ such that Q C @’.

We claim that every bad cube is contained in some maximal bad cube. If that
was not true, then there would be a sequence of bad cubes Q1,Q-, ... such that
0(Qr) — oo. At the same time,

1 HfHL1 k—o0
oo L[ < Ml e
Qx| Qk| | | Qx|

which is a contradiction.
Let B be the family of maximal bad cubes. Since they are dyadic and maximal,
they are disjoint. For every () € B we define

1
bg = <f—|Q|/Qf>1Q,

g=1rf—=>_bg

QeB

and
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We begin by proving (iii). The lower bound in (A9) is just the definition of
bad cubes. The upper bound follows from maximality: for every @) € B its parent

~

@ is not a bad cube, and so

1 Q1 .
|Q|/Q|f|§ 0 ,@/@msz .

Concerning (ii), the first two properties follow immediately from the definition,
and

1 (9)
Iballer < [ Iflde+ | |/ fdal dy <2 [ |flde < 2"alQ]
Q Q|lQl /e Q

We move on to (i). Note that

sy (1@ for e ¢ Uaes@
\Ullfo forz € Q) € B.

Hence,

1
ol = [, QWitr+ X /ij| | sy

QeB

dx

\f|dm+z

Rn\UQeB Q@ QeB

7] < 1511
Q

To see ||g]lr~ < 2", note that |g(z)| < 2"« for z € Q € B by (B9). Let
r ¢ Uges @, so that g(x) = f(z). Then, for all dyadic cubes containing = we have
ﬁ Jo Ifldz < . By the (dyadic version of) Lebesgue differentiation theorem for
a.e. y € R™ we have

1
= li —/ d
W= i en o Jo 197

Together with the estimate ﬁ Jo IfI < a, this shows that for a.e. © ¢ Ugep @ we
have |g(z)| = |f(2)] < a < 2"
Finally, we show (iv). By the definition of bad cubes,

QeB Qe @ o

where in the last inequality we also used that the cubes in B are disjoint. O
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4.3 The L? theory for Calderén-Zygmund operators
In this subsection we prove Theorem B3, whose statement we repeat below.

Theorem. Suppose that T is a Calderon-Zygmund operator. Then, T is of weak
type (1,1), and of strong type (p,p) for 1 < p < oc.

We begin by reducing matters to the weak type (1,1) estimate.

Weak type (1,1) implies strong type (p,p). Fix a Calderén-Zygmund operator T
By definition, it is of strong type (2,2). Hence, as soon as we know that it is of weak
type (1,1), it follows from the Marcinkiewicz interpolation theorem (Theorem P14
that T is of strong type (p,p) for all 1 < p < 2. To get the same for 2 < p < 0o
we argue by duality as follows.

Given a Calderén-Zygmund operator T : L*(R™) — L?(R") we consider its
adjoint operator 7% : L?(R") — L?(R") defined by

(T'(g). a2 = [T'(g) - [ dw = [ - T(F) dw = (9. T(/))z.

This is well-defined by the Riesz representation theorem.

Ezercise 4.16. Prove that if a Calderén-Zygmund operator T is associated to a
standard kernel K, then its adjoint is also a Calderén-Zygmund operator, and it
is associated to the standard kernel

K'(z,y) = K(y, z).

Since T" is a Calderén-Zygmund operator, it follows by the argument above
that T is of strong type (¢,q) for all 1 < ¢ < 2. Fix f € S(R"), 2 < p < oo, and
let 1 < ¢ < 2 be such that 1/p + 1/q = 1. Then, using that the dual of LP(R") is
LY(R™), we get

Tl = sw | [T()-5]= s |[1-T)
g€S, llglira<l 9€S, llgllra<1
<fllee sup (T(les < Collflle sup llgllze = Cqll fllz.
g€S, llgliLa<l 9€8, llglla<1
Hence, T is of strong type (p,p). ]

Proof of the weak type (1,1) estimate. Let® f € L' N L% Our goal is to show that
there exists a dimensional constant C' such that for any a > 0
/1|2

Hx eR" : |Tf(x)] >a} <C o

"We only assume f € L2 so that Tf is well-defined, our estimates will be independent of

£z
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We apply the Calderén-Zygmund decomposition (Proposition B13) to f at level
a, so that f=g+b= g+ > oepbg. By the linearity of T, we have T'f = T'g+ T,
and so

{z eR" : [Tf(z)] > o}
<Hz eR™ ¢ |Tg(x)] > a/2} + |{z € R" : |Tb(x)| > «/2}|. (4.10)

To estimate the term corresponding to g, we use Chebyshev’s inequality and the
fact that [|gllor < [[fllzr, lgllzee < 2%

ITgllZ> _ llglize

(a/2)2 ™ a2
ol _ 2°olfln 1Al
- o? - o? «

{z eR" : [Ty(z)] > a/2}| <

(4.11)

So the first term from the RHS of (B710) satisfies the desired inequality. We move
on to the second term, which is more difficult to estimate.

For every ) € B let Q* be the cube with the same center as (), and with
sidelength £(Q*) = 2y/n l(Q). We have

{z eR" : |Th(x)| > a/2H < 3 Q[+ {zeR"\ J Q" : [Th(x)| > a/2}|.

QeB QeB

The first term satisfies

S Y o)< M

QeB QeB

by Proposition B13 (iv). Concerning the second term, by Chebyshev’s inequality

"\ a 2 x)| dv
{x e R"\ GBQ |Th(x)| > a/2}| < — / - ]Tb( )| d
— E I'bey de < — E I'b dx.
< '65/ e | Q( )| < eB/ | Q( )|

It remains to show that the sum above is bounded by C||f||:.
Fix Q € B and let yg denote the center of Q. Since supp by C @ and Jobg =0,
we get that for z € (Q*)°

Tho(w) = | K(x.y)bo(y) dy= [ (K(r.y) ~ K(x.uq))bo(u) dy
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Observe that for z € (Q*)¢ and y € Q we have |z —y| > £(Q*)/2 = /nl(Q) and
ly —yo| < diam(Q)/2 = /nl(Q)/2, so that |x —y| > 2|y — yg|. It follows that we
may use the smoothness condition on K (B22) to estimate

ly — val’ UQy
Thq(x)| < A Mj,w;%(yﬂ dy S W“Z)QHLL

Hence,

1

—— dy < C)||bo||
o < COlall

Tho(z)| dz < (Q)°||b 1/
Lo, [Tha()] dz < €@ bl |

which gives

Z/ Too(z)| de Ss Y boller = Ibllr < I fller + gl < 201 f |z
QeB” (@Q")° QeB

This finishes the proof. O
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5 Truncations of Calderén-Zygmund operators

5.1 Convergence of truncated operators

Definition 5.1. Given a Calderén-Zygmund operator T associated to a standard
kernel K, for every € > 0 we define the truncated operator T, as

Li@)= [  K@u)it) d

where f € Uj<peoo LP(R™).

The integral defining 7: f makes sense for any f € Uj<p<oo LP(R") by the size
condition (E) and Hoélder’s inequality.

Definition 5.2. Given a Calderén-Zygmund operator T', the mazimal operator as-
sociated to T is defined as

T.f(z) = sup T f ().

e>0

We will prove the following result in the next subsection.

Theorem 5.3. If T is a Calderon-Zygmund operator, then the maximal operator
T, is of weak type (1,1) and of strong type (p,p) for all 1 < p < oc.

We give an application of this result to the study of convergence of truncated
operators.

Definition 5.4. A Calderén-Zygmund operator T' is called a Calderon-Zygmund
singular integral operator if for all f € C*°(R™) and a.e. x € R”
Tf(x) = }:1_{% T.f(x).

Example 5.5. The Hilbert and Riesz transforms are Calderén-Zygmund singular
integral operators.

Not all Calderén-Zygmund operators are Calderon-Zygmund singular integral
operators. For some Calderén-Zygmund operators the limit lim. o 7. f(z) does
not exist, see Example 5.9 and Proposition 5.12 in [Duo0T]. For others, the limit
exists but is different from T'f. For example, if 7' = I is the identity operator,
than 7. = 0 for all ¢ > 0. See also Proposition 4.1.11 in [GraT4h] for a related
result.

The following is a more general and stronger version of Proposition B12.
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Proposition 5.6. Suppose that T is a Calderon-Zygmund singular integral oper-
ator. For every 1 <p < oo and f € LP(R™) we have

li_r%Tgf(:v) =Tf(x) for a.e. x € R™. (5.1)
Moreover, for 1 <p < oo and f € LP(R™) we have
ll_r% \Tef =T f|lr = 0. (5.2)
Proof. For any f € LP(R"), 1 < p < oo, define

Af(z) =limsup|T.f(z) — T f(z)|.

e—0

Note that Af < T.f+Tf. Since T is a Calderén-Zygmund singular integral oper-
ator, we have Af =0 a.e. for f € C°(R").
For a general f € LP(R"), let f,, € C°(R™) be such that f,, — f in LP. Then,

Af(z) < Afalz) + A(f = fu)(z) = A(f — fu)(z)

for a.e. z € R™. If 1 < p < o0, we can estimate

[Af e = A = f)lle S NS = fo)lle + 1 TCf = fu)ller < Cllfa = Fllze,

where in the last inequality we used the strong type (p, p) estimates for T, and 7.
Letting n — oo we get ||Af||z» =0, and so Af = 0 a.e. This gives (51).
The remaining conclusions are left as an exercise. O]

Ezercise 5.7. Prove (B) for p = 1, and (62) for 1 < p < o0.
Hint: For () use the weak type (1,1) estimates of 7" and T,. For (52) use
(60) and the dominated convergence theorem.

5.2 Cotlar’s inequality

Recall that the Hardy-Littlewood maximal function of f € L. _(R") is defined as
1
Mf(x) =sup ——— / dy.
f(z) U B )| Jeten) |f(y)] dy
This operator satisfies weak type (1, 1) estimate, and strong type (p,p) estimates
for 1 < p < oo. Moreover, the weak (1, 1) estimate can be refined to
Jonipsay 1 f]
5

See Chapter 2.4 in [Duol1] or Chapter 2.1 in [Gral4a] for details.
The following estimate is sometimes referred to as Cotlar’s inequality.

Hz e R": Mf(z) > A} <C (5.3)
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Theorem 5.8. Suppose that T is a Calderon-Zygmund operator. For any 0 < r <
1 there exists a constant C' = C(n,r,T) such that for any f € C(R™)

T.f(x) < C(M(|Tf]") ()" + M f(x)). (5.4)

To prove this inequality, we need the following auxiliary estimate due to Kol-
MOgOTOV.

Lemma 5.9. Suppose that S is a weak type (1,1) operator, and E C R"™ is a
measurable set with |E| < oo. Then, there exists C > 0 (depending only on the
weak (1,1) constant) such that such that for all f € L*(R™) and 0 <r < 1

T 1 - T
[1S1@)r de < C—— B | £l
E 1—r
Proof. The layer cake formula and the weak type (1,1) estimate for S give

/E 1S ()| da = 7’/000 N € B |Sf(x) > A} dA
< r/ooo A min(|E), C|f |1 /A) dA

Y. = L,
:r/ A1 E| d)\+Cr/ A2\ fll dA
0 Clifla /1B

CIA e /TED™ Az

r

= (Clfle/NIEN Bl + C

1—r
O
Proof of Theorem BZ8. Fix f € C*(R"), x € R™ and € > 0. We will show that

T f ()| < CM(Tf]") (@) + M f(x)), (5:5)

with C' independent of ¢.
Let B = B(z,¢/2) and 2B = B(z,¢). Let fi = flap and fo = flope = f — fi.
Then,

Lf@)= [ K@yf) dy=T(Llap)) = Th)

|lz—y|>e

where in the second equality we used the fact that = ¢ supp(flspe) and the
representation formula (E23).
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For 2/ € B and y € 2B we have |2/ — z| < |z — y|/2, and so

T fo(x) = Tfo(a")] =

/|xy|>g(K($’ y) — K@@' y))f(y) dy‘

< |z —a' 4
e

< 600 —n—4

SES e 2O

k=0

> 1
k\—d
SO g [y MW

<3 MI) < COMIW)

Thus, for any 2/ € B
T f (@) = [T fo2)] < |Tfo(a")[+CM f(2) < [Tf(2")|+|T fi(2")|+CM f(z). (5.6)

If |T.f(x)| < 3CM f(x) then (B33) holds, so suppose that |1, f(z)| > 3CM f(zx) >
0. We define

| = |T=f(2)[/3},
)| = [T f(z)|/3}-

Note that B = By U By. By Chebyshev’s inequality

={a' € B: [T f(a')
= {2’ € B:|Tfi(a

1 1
Bl < — Tf(] dx' <
B11 S o JalTF@ 4 < s

| Bl M(|T f])()-
By the weak (1, 1) estimate for T

1 1
B < —— .
Bl 2 i) )]

Summing the two inequalities above we get

[fallz, =

1
S V1S g B M F @)

1
Bl <
B )

which gives (63) for r = 1.
To get (B33) for 0 < r < 1, we raise (A8) to power 7, so that

Tef(@)" ST FE) + T )]+ Mf(z)"

|BI(M(ITf])(x) + M [()),
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Averaging over 2’ € B and then raising to power 1/r we get

1/r
) S MATIN "+ (1 [ EREF )+ b5

By Lemma b,

1 T / v — 1
(W/B|Tf1(x)| dx) < | B 1||f1||L1:|B]/QB|f|§Mf(x)’

which finishes the proof. O]

We are ready to prove Theorem 623, which asserted that T, is of weak type
(1,1) and strong type (p,p) for 1 < p < oc.

Proof of Theorem IEZ3. 1If 1 < p < oo, the strong type (p, p) estimate for T, follows
from Cotlar’s inequality (54) with » = 1 and the strong type (p,p) estimates for
M and T.

To get the weak type (1,1) estimate for T}, we use (B4) with r = 1/2 to
estimate

{z e R |T.f(z)| > a}| < {z € R": M(|ITf]'?)(2)* > o/ (20)}]
+ {z e R": M f(x) > a/(2C)}].

The second term is bounded by C’||f||z:/« by the weak type (1,1) estimate for
M.

To bound the first term, let £ = |[{z € R™ : M(|Tf]V?)(z) > o!/2/(2C)'/2}].
We use the refined weak type (1,1) estimate for M (633), and then Lemma 59 to
get
[e T2 _ B2 £

a2~ alz

Rearranging this inequality finishes the proof. O]

El'S
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6 Weighted inequalities

6.1 The A, weights

Definition 6.1 (weight). We define weights as locally integrable functions w : R" —
[0, 00]. Each weight gives rise to a locally finite measure, still denoted by w, via

:/Aw,

We are interested in studying singular integral operators in the weighted setting
(R™, w). Given the importance of the Hardy-Littlewood maximal operator M in
this theory, it is reasonable to start our investigation by determining the weights
for which M is of weak type (p, p) with respect to w, 1 < p < co. By definition, M
is of weak type (p, p) with respect to w if and only if for every A > 0 and f € LP(w)

w({z €R": Mf(z) > A\}) < )\p/\f )Pw(x (6.1)

Instead of the usual Hardy-Littlewood maximal operator, it will be convenient
for us to study its non-centered variant associated to cubes. For any f € L} .(R")
we define

Mg sl [ 1l

where the supremum is taken over all axis-parallel cubes containing x (from now
on when we write “cubes” we always assume they are axis-parallel).

Ezercise 6.2. Show that for any f € L}, .(R") and = € R" we have
CTIM f(x) < M.f(z) < CMf(x).

Conclude that M is of weak type (p,p) with respect to w for some 1 < p < oo if
and only if M, is of weak type (p,p) with respect to w.

We now derive a necessary condition for w so that M, is of weak type (p,p)
with respect to w. Suppose that (E) holds. Let @ be a cube, and f € Lj,.(R")
be such that [5 f > 0. Fix 0 < A < [5 f/|Q|. Then,

Q C{z eR": M.(f1lg)(x) > A},

and so the weak type (p,p) estimate implies

@< [ 1@
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Taking A — [, f/|Q] we arrive at

w(Q) (%‘f)p <C /Q |f () Pw(z) de. (6.2)

Let S C @ be measurable with |S| > 0. Taking f = 1g, the inequality above gives
|5|>p

w(Q) <|Q| < Cw(9). (6.3)

Since this holds for all cubes @ and all S C @ with |S| > 0, we get that either
w = 0 (which is not too interesting), or w(z) > 0 for a.e. x € R™.
Now there are two cases to consider.

Case p=1. If p =1, (63) becomes
w(@) _ w(S)
<C .
Q| S|

Let a = essinf{w(z) : © € @Q}. Then, for every ¢ > 0 there exists S. C @ with
|Se| > 0 and such that for all x € S. we have w(x) < a +¢. It follows that

w(@) (S s w
= (== Cla )
Q =Csy ~ ey ¢t

Taking ¢ — 0, we get that

<C

w(@)

< Cessinf w(z).

QI = ee@

Hence, for every cube Q C R”

M < Cw(z), forae x€Q. (6.4)

Q]

Definition 6.3 (A; weights). A weight w satisfies the Ay condition if (62) holds
for every cube @) C R". The positive weights w satisfying the A; condition are
called the A; weights, and we will write w € A; for such weights.
The smallest constant C' such that (64) holds is called the A, character of w,
and it is denoted by
w(Q)

[w]a, == sup ——=2||w ™| e
b e Q) @
Exercise 6.4. Show that the A; condition is equivalent to

Mow(z) < Cw(x) for a.e. x € R". (6.5)
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Case 1 < p < 0o. Let 1 < p' < oo be such that 1/p+ 1/p’ = 1. We plug into
(62) the function f = w142 so that

p
w(Q) (@‘/Q wl_P/> < C/Qw(l—p’)p—i-l _ C/le_p/‘

Rearranging, we get

) () e

Definition 6.5 (A, weights). A weight w satisfies the A, condition if (63) holds
for every cube () C R". The positive weights w satisfying the A, condition are
called the A, weights, and we will write w € A, for such weights.

The smallest constant C' such that (68) holds is called the A, character of w,
and it is denoted by

1 1 A\
= s (i) (@)

Note that the definition for p = 2 is particularly nice, since the Ay condition

() () =€

The A; and A, conditions are often called Muckenhoupt conditions. It turns out
that they are not only necessary for the weak estimates for M., but also sufficient.

Proposition 6.6. For 1 < p < oo the Hardy-Littlewood maximal operator is of
weak type (p,p) with respect to a weight w if and only if w € A,,.

Proof. Assume that w € A, and f € LP(w). Our goal is to show
C
w({e €R": Mof(2) > 4"A)) < / |f(x)Pw(z) da. (6.7)

Assume additionally that f € L'(R™). Let B C D(R"™) be the family of cubes given
by the Calderén-Zygmund decomposition of f at level A (see Proposition BI3).
We claim that
{z eR": M.f(z) > 4"} C | 3Q (6.8)
QeB

2Here we implicitly assume that w7 s locally integrable. To avoid this, we could consider
min(w!~?", N) instead, and at the end take N — oo.
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Let z € R"™ be such that M.f(x) > 4"\, and let z € P C R™ be a cube such
that |17|fp |f| > 4"\. Fix k € Z such that 27571 < ¢(P) < 27%. Note that P
may intersect at most 2" cubes from Dy (R"), and we denote them by Ry, ..., R,
m < 2™,

If one of the R;’s is contained in some ) € B, then P C 3R; C 3Q) and we are
done with (B3). So suppose that none of R;’s is contained in any () € B. Then,
by the definition of bad cubes B (see the proof of Proposition BT3) we get that

forall1 <7 <m
ol
o ) IsA
|Rj| R;

1 n n
|P|/P|f| Z n|R|/|f|<m2)\<4>\

Hence,

which is a contradiction with 1| [p |f] > 4™A. This finishes the proof of (63).
Now we argue separately %01“ p=1and p > 1. Suppose first that p = 1. It
follows from (63) and the Calderén-Zygmund decomposition property (£79) that

|Q|/|f|

w({z e R": M.f(z) > 4"A}) < Y w(3Q
QeB

_—Z/u it

QeB

>\ QEB

By the A; condition, we have wé?’Q) < w(z) for a.e. z € 3Q, and so
w{z e R": M.f(xz) >4"\}) <

which gives (622) for p =1 and f € L'(w) N L}*(R™).
Assume now p > 1. By Holder’s inequality and the defintion of A, weights, for
any cube P

() = (g o) |
Qﬂﬂm)Qm/_W) (g L) (5 o)
(\P\/ P >< ‘P|)> w(F,)/P!f!pw. (6.9)
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Taking P = 3@ and f = 1¢ for some cube @, it follows that w(3Q) < C3™w(Q).
We use again (63), the estimate (69), and (£9), to get

w({z €R™: Mcf(z) > 4"A}) < > w(3Q) £ > w(Q)

QeB QeB
1 P »
5%3(@;/@”0 [ 11w
DI Jrre <2 [ ifiw.

This gives (62) for 1 < p < oo and f € LP(w) N L*(R™).
It remains to show that L'(R") is dense in L?(w) for 1 < p < oo, and we leave
this as an exercise. ]

Ezercise 6.7. Let 1 < p < oo and w € A,. Show that L'(R") is dense in L?(w).

Hint: For any f € LP(w) prove that fr = flpor € L'(R") for all R > 0,
and that fp — f in LP(w) as R — oo. The estimate (69) and its modification for
p = 1 may be helpful.

We list a few basic properties of the A, weights. Below £" denotes the Lebesgue
measure on R".

Lemma 6.8. We have A, C A, for 1 <p < q < co. Moreover, for any w € A,
we have

(i) for any cube QQ and E C Q measurable

IE[\" _ ow(E)
<|Q|> <Cua) (6.10)

In particular, L < w.

(ii) For every a € (0,1) there exists 5 € (0,1) such that for every cube Q and
E C @ measurable

Bl <al@ = w(E) < fw(Q).
In particular, w < L™.
(7ii) w is doubling: for any ball B we have w(2B) < Cw(B).

() if p > 1, then w'™ € A,.
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Proof. Suppose that w € A, and ¢ > p. If p =1, then

(1/ wl_q/>q_1 < ess Sllpw(iv)_1 = (ess infw(x)>_1 <C <w(Q)>_1
Q Je = 5511 < 0 ’

sow € A,. For p > 1, it follows from Holder’s inequality that

lfq, q_l
1 / 1_q,>q‘1 1 </ . > =g < 1 . ,>”‘1
T w S —_— w p Q 1—p/ — 7\/\ w D .
(a1 ol e <! Ql Jo

Thus, A, C A,.

To show (i) for w € Ay, note that by integrating the A; condition (64) over F
we have ©)

w

If we A, with p > 1, then by plugging f = 1g into (E3) we get the desired
inequality.
To get (ii), observe that replacing F by @ \ E in (610) gives

_ |E|>p c (1 _ w(E>>
(1-1a) =e(-4a)
and so |F| < «|@| implies

which is equivalent to

(1—a)

w(B) < (1 - v

. . . . . . o (1,0[)17
This gives the desired inequality with 8 =1 — *—5+.

The doubling property (iii) follows immediately from (B10) by taking £ = B
and ) a cube containing 2B with ¢(Q) ~ r(B).
Finally, to get (iv) observe that the A, condition for w!™ is

1 1) (A a-mi-n)
— — <
<|Q1/Qw )(\Q!/Qw =6

and since (1 —p')(1 — p) = 1, this is the A, condition raised to power p’ — 1. [
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FEzercise 6.9. Prove that in the definition of the A, condition we may replace cubes
by balls and still get the same class of weights. More specifically,

1 1o\ 1 Lo\
&%(@Mﬁ)Qm@w ) ’”%&Qméw)Qméw ) !

where () are cubes and B are balls.

Ezercise 6.10. Prove that w(z) = |z|* is an A, weight on R", 1 < p < oo, if and
only if —n <a < n(p—1).

Hint: Show first that w(x) = |z|* is a doubling weight (w(2B) < Cw(B) for
all balls) if and only if @ > —n. Consider separately balls B = B(zy, R) such that
|zo| > 3R, and such that |zo| < 3R.

Ezercise 6.11. Show that

w(z) = logpy  fal <e™
1 |z| > et

is an A; weight.

6.2 Reverse Holder inequality

In this subsection we will talk about weighted strong type estimates for the Hardy-
Littlewood maximal operator M.

Suppose that w € A, for some p > 1. Observe that by Lemma B3R (i), we have
L>*(R™) = L*(w) with equality of norms. In particular, the Hardy-Littlewood
maximal operator is of strong type (oo, c0) with respect to w.

By Proposition B8 we also have that M is of weak type (p, p) with respect to
w, and so by the Marcinkiewicz interpolation theorem we get that M is of strong
type (g, q) with respect to w for all p < g < 0o, in the sense that

[IM @) ) de < € [ 17@) () da.

It turns out that the same is true at the endpoint ¢ = p, and we have the following
improvement over Proposition B4.

Theorem 6.12. For 1 < p < oo the Hardy-Littlewood mazimal operator is of
strong type (p,p) with respect to a weight w if and only if w € A,.

To prove this, we will establish an important property of Muckenhoupt weights
called the reverse Holder inequality.
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Theorem 6.13. Let 1 < p < oo and w € A,. There exist constants C > 1 and
e >0, depending only on p and [w)a,, such that for any cube Q

L 14-¢ e E
<|Q|/Qw> < b

Note that the converse estimate holds (with C' = 1) by Holder’s inequality,
hence the name “reverse Holder inequality”.

Proof. Fix w € A, and a cube ). Without loss of generality, we may assume that
@ is a dyadic cube (otherwise we replace w by a translated and dilated weight w').
Consider an increasing sequence A\, — oo, with A\g = w(Q)/|Q|. For every
k € N let By be the family of dyadic sub-cubes of ) given by the Calderon-
Zygmund decomposition of wlg at the level A, (see Proposition B1H). That is,
By is the family of maximal sub-cubes of @) satisfying
w(P)

Let € == Upep, PP, and observe that
w(z) < A for a.e. x & Q. (6.12)

Note that every cube in By, is contained in some cube from Bj_; (this follows from
the definition of By and the fact that Ay > A\;_1). In particular, Q C Q_;.

Given P € Bj_y let B(P) be the family of cubes from By contained in P.
Then,

&) 1 1 (BT 27\
PRof = Y RS &Y wl) < gup) = 2P|
REBy(P) k ReBy(P) k F
Let Ay = 2Dk )\g = 200Dk () /|Q|. Then the estimate above gives
P
|PNQy| < |2| (6.13)

By Lemma B3 (ii) (applied with o = 1/2) we get that there exists 5 = B(p, [w]a,) €
(0,1) such that
w(P N Q) < pw(P)

Summing over all P € By_; gives w(§)) < fw(Q_1), and iterating this inequality
yields
w(Q,) < BFw(Qy).
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We may use (63) similarly to get || < 27%]€], and so

k>0
Hence,
1
wite / wite
IQI/ IQI Q\ |C2|,§>:0 2\t
w(@\ ) w(Q)
RS A CALLY) Nw(@\ Q) < 2@ L LS

o T e\ ) <35 |@|,§0

w(Q)

<X + /\ 2(n+1)k56k

SRR

Choosing € > 0 so small that 2"*D¢3 < 1, we get that the geometric series above

converges, and so
w(Q) (w(@)“e
=C|—~ :
[Ql / g er Q|

An easy corollary of the reverse Holder inequality is the self-improving property
of A, weights.

]

Corollary 6.14. For every p > 1 and w € A, there exists ¢ > 0 such that
w € Ap_.. In particular,
U 4,

q€(1,p)

Proof. By Lemma B3R (iii) we have w!™ € A,. The reverse Holder inequality for
w P asserts that for some £ > 0

1/(1+e)
(1/ w(l—p’)<1+e>> < C/ w17
Q| Ja ~ Q1 Je

Let ¢ > 1 be such that 1 — ¢ = (1 — p')(1 + ¢). Then ¢ < p, and the inequality
above together with the A, condition give w € A,. ]

Now we can easily prove the strong type (p,p) estimate with respect to A,
weights for the Hardy-Littlewood maximal operator, p > 1.

Proof of Theorem E13. Suppose that w € A, with p > 1. Then, w € A, for some
q < p, and we already know that M is of strong type (r, ) with respect to w for all
g <1 < oo (see the discussion above Theorem BE12). In particular, it is of strong
type (p,p) with respect to w. ]
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6.3 Characterization of A; weights

In this subsection we prove the following characterization of the A; weights.

Proposition 6.15. Suppose that f € L}, .(R™) is such that M.f(z) < oo for a.e.
x € R™. Then, for every 0 < s < 1 the weight w = (M.f)* is an Ay weight, with
[w] 4, depending only on s, and not on f.

Conversely, for every w € A; there exists f € L, (R"), 0 < s < 1 and
C = C([w]a,) such that

w(z) < M.f(x)* < Cw(z) fora.e. zeR". (6.14)

Proof. Assume that f € L}, (R™) and M,f(z) < oo for a.e. z € R™. We need to
show that for every cube @) and a.e. x € @)

1
1 L Mf ()" dy < CMLf ()" (6.15)
Q| Ja
Fix @), and observe that

Mef(y)® < Mc(f120)(y)* + Me(f120) ()"
By Lemma b

1 Q1 ! S
_ S < 1w 81: T < . xs
O Jo MU L))" dy S, 5Ll (|Q| It dy) < Mef ()

for every x € Q.

Now we want to estimate M (f1lage)(y) for y € Q. Observe that if R is a
cube such that y € R and [ |f1lage| > 0, then RN Q # @ and R\ 2Q # @. In
particular, ¢(R) > ¢(Q)/2, and @ C 5R. It follows that

1 o"
o [ gz < o [ 1fldz S M. (),
i J el < o [ 171d= S M ()
Taking supremum over cubes R containing y, we get that M.(f1age)(y) S M. f(x)
for every y € ), and so

1
[ /Q M.(flage)(y)* dy < CM,f(x)*.

This finishes the proof of (613) and the first half of the proposition.
Now suppose that w € A;. By Theorem B3, there exists ¢ > 0 such that

1 1+E>1/(1+g) CM
(!m/@w =“Tar

Together with the A; condition, this implies that M (w'*¢)(z)"/(+9) < Cw(x) for
a.e. © € R™. Since we also have w!'**(z) < M(w'™®)(z), taking f = w!'*® and
s=1/(1+¢) we get (614). O
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Proposition 613 is a useful tool for coming up with examples of A; weights.
The following lemma allows us to construct A, weights using A; weights.

Lemma 6.16. Let 1 < p < oco. If wy,ws € Ay, then w = wlw%_p is an A, weight.

Proof. We present the proof for p = 2, and leave the general case as an exercise.
We need to show that for every cube @

o) )<

By the A; condition for w; and wy, we have

<|22|/w1w2—1> <|Ql|/w1_1w2>
< (esxseglfwg(l‘)) (\Q! / ) (essglfuh < / )
< [w

Ezercise 6.17. Modify the proof of Lemma BI8 to cover all 1 < p < oo.

Remark 6.18. It turns out that the converse of Lemma B8 is also true: any A,
weight w can be written as w = wlw%_p for some wy,wy € A;. This important
result is known as the factorization of A, weights, see Chapter V.5.3 in [Sfe93] or
Section 4 in [CUT7] for a proof.

6.4 Extrapolation of weights

One of the key results in the theory of A, weights is the Rubio de Francia extrap-
olation theorem, which says that a weighted inequality obtained for one exponent
1 < r < oo implies the same for all 1 < p < .

Theorem 6.19. Let 1 < py < oo. Suppose that an operator T is of strong type
(po, po) with respect to all weights w € A,,, with operator norm depending only on
[w]APO. Then, T is of strong type (p,p) with respect to all weights w € A, and all
1 <p<oo.

Proof. First, assume that w € A;. We will show that T is of strong type (p,p)

with respect to w for all 1 < p < py.
Let f € LP(w). Note that M.f(x) < oo for a.e. x € R" (because M. f € LP(w)
by the strong (p, p) estimate with respect to w for M,.). Thus, by Proposition G143
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we have (M, f)Po—P)/®0=1) ¢ A; (note that py —p < po — 1). Then, by Lemma G186
the weight w - (M. f)P7? is in A, . Hence,

/]Tf|pw :/|Tf|pw(Mcf>*(pofp)p/po(Mcf)(pofp)p/po

< ([ 1 s, f)p—po>p/p° ([onra) "
< ([ 1w )" </| o) "
< (f1smatsr)" (1) " = [igre

where the second inequality uses the strong (pg, po) estimate for T with respect
to w - (M.f)P~" € A, and the strong (p,p) estimate for M, with respect to
w € Ay C A,, and the third inequality uses the fact that f(z) < M.f(x) a.e. and
that p — po < 0. This shows that T is of strong type (p, p) with respect to w.

Now assume that w € A, for some 1 < p < co. We will show that T is of
strong type (p, p) with respect to w.

By the self-improving property of A, weights (Corollary B14), there exists some
1 < ¢ < psuch that w € A,/,. Without loss of generality, assume that 1 < ¢ < po.
By duality, there exists u € L®/9'(w) of norm 1 such that

</Rn |Tf|pw>q/p _ (/Rn(lTﬂq)p/qw)(z/p _ /]Rn T f |9uw. (6.16)

We claim that for a > 1 small enough we have M.(Juw|*) < oo a.e. Indeed, since
w € Apyy, We have w!=®/9" € A, by Lemma ER (iv). By the self-improving
property of A, weights, w!'~ v/a) ¢ A(p/qy/a for a > 1 small enough. But then by
Theorem 612

/MC(‘uw‘a)(p/q)’/awlf(p/q)’ S/yuw’(p/q)’ —(/9) /\u! ®/0) 4y = 1, (6.17)

and so in particular M.(Juw|?) < oo a.e.

By Proposition 613, M,(|juw|*)"/® is an A; weight. Thus, we know by the first
half of the proof that 7" is of strong type (g, q) with respect to M.(|Juw|*)"/*. Since
luw| < M, (Juw|®)*/e, it follows that

Lomsitue < [T fa(uel?) S [ fM )
R" R Rn
:/ ‘f|qwq/pMc<|uw‘a)1/awfq/p
R

()™ (o) 2 ()
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Together with (E1T), this shows that T is of strong type (p,p) with respect to
w. [

For some applications of the extrapolation theorem, and for more information
about the theory of A, weights, see e.g. the lecture notes [CTII7).
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7 Sparse domination and the A; theorem

In this course we have not paid much attention to the constants appearing in the
estimates we proved. This is about to change.

It has been known for a long time that if w € A, and 7" is a Calderén-Zygmund
operator on R", then 7" is of strong type (p,p) with respect to w, i.e.,

ITflzr(w) < Cllfllzrw),

with C' depending on p,n,T, and [w],,, see e.g. Section 7.4 in [Dua0T]. Due to
certain applications in PDEs, the precise dependence of C' on [w]4, was of interest,
see [EKPYI, ATSOT, PVO2]. It was conjectured that for p = 2 the dependence was
linear, so that

1T fll 22 w) < Clw]a || fll 22w, (7.1)

with C' = C(n,T). This estimate came to be known as the Ay conjecture, and
after many partial results it was finally confirmed in 2012 by Hytoénen [Hyt1Z].
The proof of Hytoénen was quite complicated, and we will follow a much simpler
proof due to Lerner [LerT6], which uses the sparse domination technique.

The following exercise demonstrates that the estimate ([0) is sharp, in the
sense that it would be false if we replaced [w]a, by [w]3, for any s < 1.

Ezercise 7.1. For any s € (0,1) let w = |z|'~* be a weight on R.
(i) Show that w € Ay, and [w]a, < s7L.
(i) Given fy(z) = 2° 1o 1)(x), show that || fs|| 2w, < s7V2
(iii) Prove that ||H f;||z2(w.) = Cs~%/%, and conclude that () is sharp.

Remark 7.2. By the Ay theorem, we get that all Calderon-Zygmund operators are
of strong type (2,2) with respect to all Ay weights. By the extrapolation of A,
weights (Theorem 619), it follows that Calderén-Zygmund operators are of strong
type (p,p) for all A, weights, 1 < p < oco. Moreover, by a sharp version of the
extrapolation theorem [DGPPUS] one can get the sharp estimate

max(1,1/(p—1
1T fll 2oy < ClolZ™ YD Loy

The same estimate can be obtained directly from Lerner’s proof we will present,
but for the sake of simplicity we will restrict attention to p = 2.
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7.1 Sparse and Carleson families

Definition 7.3 (sparse family). Let 0 < n < 1. We will say that a family of cubes
S is n-sparse if for every () € S there exists a measurable subset Egy C (@) such
that |Eg| > n|Q| and {Eg}ges are pairwise disjoint.

Note that in the definition above we do not require the cubes in S to be dyadic,
although this will often be the case.

Example 7.4. Any disjoint family of cubes is 1-sparse (just take Eg = Q).

Example 7.5. If k < [, then § = D, UD; is 1/2-sparse. To see this, for each Q € D,
let Eg be the lower half of (), and for each P € Dy, let

Ep =P\ |J Eq.

QeD;

More generally, S = Dy, U---UDy, is 1/m-sparse, and we leave the proof as
an exercise.

In the examples above the cubes from sparse families had only bounded inter-

section, in the sense that Y gcs 1o € L>(R"). The following exercise shows that
this does not need to be the case.

Ezercise 7.6. Prove that in R™ the family of all dyadic cubes containing 0 is (1 —
27™)-sparse.

For dyadic cubes, the notion of sparseness is equivalent to the Carleson packing
condition, which is also widely used in harmonic analysis. We will not need this
fact for the proof of the Ay conjecture, but it helps to gain intuition regarding
sparse families.

Definition 7.7 (Carleson family). Let S C D. We say that S is A-Carlson if for
every R € D

> Q| < AIR|. (7.2)

QES,QCR

The following result is due to Lerner and Nazarov [LNTY].
Proposition 7.8. Let S C D. Then, S isn-sparse if and only if it is n~-Carleson.

Proof. One of the implications is very easy. If § is n-sparse, then for any R € D

Yoo lRl<n > |Eql<n 'Rl

QES,QCR QeS, QCR

where in the second inequality we used the fact that Eg are pairwise disjoint.

Proving the converse inequality is more laboursome. Suppose that S is n~!-
Carleson. If we knew that S C Ug<k Dy for some K € Z, that is, there is a
“bottom layer” of S, then we could argue inductively as follows.
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For every Q € S N Dk let Eg be an arbitrary measurable subset of ) with
|Eg| = n|Q|. If Eg has already been defined for Q € S§ = 8 NUy<p<x D, then
we define Eg C @ for Q € S N Dy_; as an arbitrary measurable subset of

Q\ U Er

PeS, PCQ

such that |Eg| = n|Q|. It is possible to find such a set because

=1Ql— > |EplZ|Q=n > |P|

PeS,PCQ PeS,PCQ

=1+nlQl—n > |P[=nQ], (7.3)

PeS,PCQ

|@\ U &

PeS, PCQ

where in the last inequality we used the n~!-Carleson condition for S. Using this
“upwards” induction, we eventually define Eg for every ) € S, and it is easy to
see that {Eg}oes are pairwise disjoint.

In the absence of the “bottom layer”, we have to artificially introduce it. Given
an integer K € Z, let Sk == S N U<k Di. For all ) € S we could define sets
Eq as above, but since we would like to take a limit K — oo, we have to be more
careful than that.

For every Q € S N Dk let

B =n"q,
so that |Eg| = n|Q| (recall that C'Q) denotes the cube with the same center as @

and with sidelength C¢(Q)).
If Eg has already been defined for Q € S¥, then for Q € SN Dy_; we define

Fé( = U EF,
PESK,PQQ
and
Eh =1tQ\ F},

where ¢ € (0,1] is the largest number such that |Ef| = 7|Q|. To see that such ¢
exists, note that by (Z3) we have |Q \ F5| > 1|Q|. The function f(t) = [tQ\ FJ]
is continuous, monotone, and since f(1) > n|Q| and f(0) = 0, we get f(t) = n|Q)|
for some ¢ € (0,1]. We denote by tg the largest such ¢.

Thus, we have Eg C @ and Fé{ C @ defined for all ) € Si. By definition,
the sets { E§ }oes, are pairwise disjoint and |EjS| = 7[Q)].

Let G5 = Eg U Fg We claim that for any () € Sk we have

Gy C GH™. (7.4)
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First, assume @ € Dg. Then, we have G5 = Eg = n/?Q. On the other hand,
K+1 _ K+1
Gom =tQUFy™,

where ¢ = t{5*! is such that [tQ \ F5'| = 7|Q|. In particular, ¢ > n'/", so that
() holds for Q € SN Dg.

Now we proceed by induction. Suppose (IZ4) holds for P € S¥, and let Q €
S NDy_q. Observe that

RS- U Bf- U G
PESK, PCQ PeSK, PCQ
and so by the inductive assumption () we have
FY c F5 (7.5)
Recall that t§y € (0,1] is the largest number such that [t§Q\ F{5'| = |Q|. By (3)

tQ\ F5H < [tQ \ F§,

and so
ot > G, (7.6)
Hence, (I4) holds for @, and this closes the induction.
Now, fix Q € S. By (@), {t§}x C (0,1] is a non-decreasing sequence, and so
the limit
tg = lim t§

K—o0

exists, and to € (0,1]. At the same time, by (Z3) the sets F§ are increasing in
K. We define

Fo=J FS, Eq=1tQ)\ Fp.
K=0

Note that

ﬁ toQ\ Fy

K=0

|Eql = = lim [tqQ\ Fg| > lim [toQ\ Fg | =n|@Q],

where we used the definition of tg and the fact that tg > tg for all K.
It remains to show that {Eqg}ges are pairwise disjoint. Let Q,P € S, and
without loss of generality assume that () C P. Then, Eg C Fp because

EgCtoQ=JthQcC |J ESUFS c |U Fi = Fp.
K=0 K=0 K=0

Recalling that Ep N Fp = &, we get Eg N Ep = . O
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Remark 7.9. The assumption “S C D” in Proposition [[8 can be omitted if one de-

for an extension of Proposition [LR to general families of Borel sets.
Proposition [LR can be used to prove the following.

Ezercise 7.10. Suppose that S1, ..., Sy are sparse families of dyadic cubes, and that
each S; is n;-sparse for some n; € (0, 1]. Show that S U--- U Sy is 1/(2?21 77]-’1)—
sparse.

7.2 Sparse operators

For the sake of brevity, for f € L}, .(R") and Q C R" we will write

fQ::@/Qf-

Definition 7.11 (sparse operator). If S is a sparse family of cubes, we define the
associated sparse operator as

Asf =) folg

QeS

In the next subsection we will prove the following sparse domination result.

Theorem 7.12. Let T be a Calderon-Zygmund theorem. Then, for every com-
pactly supported f € L'(R") there exists an n-sparse family of cubes S such that

Tf(x) < CAs|f|(x) forae xeR",
with C = C(n,T) and n =n(n).

It is not too difficult to show that sparse operators satisfy the weighted in-
equality postulated by the Ay conjecture.

Proposition 7.13. If S is an n-sparse family of cubes, then for any w € Ay and
feL*(w)
[Asfll 2wy < Clwlagll f [l 2w,
with C' = C(n,n)
Together with Theorem [ 12, we easily get the Ay conjecture:

Proof of the Ay conjecture. By Theorem [I2 and Proposition I3, for any com-
pactly supported f € L*(R") N L?(w) we have a sparse family S such that

1T fll 22wy < CllAs|fIll2w) < Clw]a, || f] 22w,

and so (1) holds for such functions. The case of general f € L*(w) follows by
the density of compactly supported functions from L'(R") N L*(w) in L*(w) (see
Exercise 67). O

46



Now we prove Proposition [I3. In the proof we use the following variant of
the Hardy-Littlewood maximal operator: for a Radon measure p and f € L},.(11)
let

u B 1

where Q(z,r) denotes the cube centered at x of sidelength r. It follows from the
Besicovitch covering theorem that M* if of weak type (1,1) on (R™, u), and for
1 < p < o0 it is of strong type (p,p) on (R", i), with estimates depending only on
n and p. See Theorem 2.19 in [Mat95], or Theorem 4.35 in [Par20].

Proof of Proposition I 13. Let Eg C () be the disjoint subsets from the definition
of sparse families. By duality and Cauchy-Schwarz inequality, we have

IAsfllzw = sup | Asf(x)g(x)w(z)de = / qw
Hg”LZ(w)Sl Hg”L2(w)<1Q€S
1/2

1/2 9
< sup (Z |w(3Q)fQ|2w(EQ>_1) (Z (w(;@/@gw> w(EQ)) (7.7)

||g||L2(w) QES QEeS

Let @ € S and z € Q. Observe that Q C Q(z,2¢(Q)) C 3Q. Hence,

1
Q(z,2((Q)))

w < MYq(x).
/Q(m,%(cz))g - 9()

We have

S (sag fow) v < X [ rgpos [ ot < Gl

QeS QeS
(7.8)

where in the second inequality we used that Eg are disjoint, and in the last in-
equality we used the strong type (2,2) estimates for M"™ with respect to w.
Let 0 = w™! € A;. Then,

) o (w(3Q)20(3Q)2 1 )

Z lw(3Q) fq w(EQ) = Q€S< w(Eq) o(Eg) |Q

Qes

We claim that

wBQ oBQ” 1 p, (79)

oes w(Eg) o(Eq) |QP

Assuming for the moment that this is the case, we can argue as in (Z8) (just
swapping o for w and fw for g) to get that

> [wBQ) fol'w(Eg)™ < Coylwli, I fwllizi) = Conlw]a, I w)

QeS
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Together with (Z8) and (=), this gives || Asfl|z2(w) < Clw]a, || fllL2(w), as desired.

It remains to prove (C9). By the A, condition for w,
w(BQ) 0(3Q) _ 40, w(3Q) 0(3Q)

=3 < 37 [w] 4,
Qe 3Q]  13Q
so it suffices to show that for all ) € S
QP
—————— < Chp.
w(Eq)o(Eq) !

By Cauchy-Schwarz inequality,
Q| < 7Y Eo| = 5! /E w2612 < 7w (Bo) V2o (Bg)V?,
Q

which finishes the proof. n

7.3 Auxiliary maximal operators

In the proof of Theorem T2 we will use a few auxiliary maximal operators. Define

My f(z) = supesssup [T(f13g:)(§)],
Q32 £€Q

where the sup is taken over all cubes ) containing x. Compare Mt to the usual
maximal operator associated to 7', which we introduced in Section B:

T.f(x) = sup

e>0

[ K@) i) dy| =sup T(Flpgae) @),
lz—y|>e e>0
We define also a local version of M. Given a cube @, for z € )y we define

Mro,f(x) = sup esssup|T(f1lsg.\30)(€)|
x€QCQo &€Q

Remark that

Mg, f(r) = sup esssup|T(f1agr)(€) ~ T(/Lsag)(€)] < 2Mrf(2).  (710)

In the remainder of this section the constant C' may depend on the operator T’
and dimension n.

Lemma 7.14. If f € LY(R"), then for all x € R"
Mrf(x) <CMf(x)+ T, f(x). (7.11)

In particular, Mr is of weak type (1,1).
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Proof. Let x € R™, @@ © x be a cube, and £ € Q. Set B, = B(z,2diam Q), so that
3Q) C B,. Then, by linearity of T’

T (fa@e) ()] < [T(f1e)(€) = T(fLpe) ()| + T (fLs,s0) (O] + !T(leg)((ﬂé)ll-Q)

The third term satisfies |T'(f1p:)(x)| < Ty f(z). Regarding the second term, by
the size condition of the kernel

[ K€D dy \< [ y,n|f< )l dy
/BI f] < CM f(x).

IT(f1p,\30) ()] =

<C
| Be|

Finally, we estimate the first term from the RHS of (I2) using the smoothness
of the kernel:

T8O = T8 = | [ (K(E0) — Kl )

<o [ i)y <cf Wl
— Be ’.ﬁE ’n+§ ’n+5
1
=CU(Q _ d
DSy N e o OIL

< CHQP L@ UQY™ [ Ifw)ldy < CMf(a).

k>0

This shows (). The weak (1, 1) estimate for My follows from (1) and weak
(1,1) estimates for M and 7. O

Recall that for every Lebesgue measurable f : R" — R a.e. x € R" is a point
of approximate continuity, which means that for every ¢ > 0

o My € BGr) < 1(0) — f)] < )
r—0 |B(x,7)]

=1,
see Section 1.7.2 in [EGYT).
Lemma 7.15. If f € L*(R"), then for a.e. © € Q

T (f3qo)(2)] < Clf(2)] + Mg, f (). (7.13)

Proof. Let x € int(Qg) be a Lebesgue point for f, and a point of approximate
continuity for T'(f1lsq,). Fix € > 0, so that

E(x,r) ={y € B(x,r) : [T(fLaqy)(y) = T(fLsq,) (%) < €}
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satisfies lim, o |E(z,7)|/|B(z,7)| = 1.

Note that for every r > 0 we have B(z,r) C Q(x,2r), where Q(z,2r) is the
cube centered at x of sidelength 2r. Let r > 0 be so small that Q(z,2r) C Q.
Then, for a.e. y € E(x,7r)

IT(f13q,) (@) < T (fL3q,)(y)] +€ = [T(fLl3gn\3Q2r)(¥) + T(fl3gua2n) (y)| +¢
< Mrgy () + T (fl3gen) W) + ¢,

and so
T(F10,))] < Mag, (o) + gsgint IT(/Lsgguan) (€) +=.

Note that by the weak (1,1) estimate for T

B(x,7)] < [{y € R 5 [T(fLagean) ()] > essinf [T(fLagan) (€]}

EEE(x,r)
C
< | f]-
essinfee pia |T(f13g@2r)(§)] /302
Hence,
IT(fLagy) ()] < =0 I+ Mirgo(a) + ¢
Q=B (1) Jsqaan T

20 O f(2)| + Mrgy(x) + e,

where we used lim, o |E(z,r)|/|B(z,7)] = 1 and that x is a Lebesgue point of f.
Taking € — 0 finishes the proof of (L3). O

7.4 Sparse domination of Calderon-Zygmund operators
In this subsection we prove Theorem 12, which we recall below.

Theorem. Let T be a Calderon-Zygmund theorem. Then, for every compactly
supported f € L'(R™) there exists an n-sparse family of cubes S such that

Tf(z) < CAs|f|(x) forae xeR", (7.14)
with C' = C(n,T) and n = n(n).
We begin by proving the following local version of (Z14).

Lemma 7.16. For any cube Q) there exists a %-sparse family S of cubes contained
in Qo such that

IT(f130,) ()] < C D |flslo(z) for a.e. x € Qo. (7.15)
QeS
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Proof. Without loss of generality assume that @)y € D. Denote by D(Qp) the
dyadic subcubes of (). To prove (I3), it suffices to prove the following recursive
estimate: for any Qo € D there exists a family F = F(Qy) C D(Qo) of pairwise
disjoint cubes such that 3 pezg,) |P| < §Qo and

IT(f1sq0) ()1 1g (x) < Clflsoloo(@) + D [T(flsp)(z)[1p(z)  (7.16)

PeF(Qo)

for a.e. € Q. Indeed, to prove (I3) it suffices to iterate the estimate (Z13).
Set Sy = {Qo}, and if S has already been defined, we set

Sky1 = U F(P)

PESy,

and § = Uj>o Sk- To see that S is %—sparse, just take

Ee=Q\ U P=Q\ U P

PeS, PCQ PeF(Q)

for any @ € S, so that |Eg| > $|Q|. Iterating (ZI8), we get for a.c. € Qo

IT(f130,)|1q0() < Clflsqu + D |T(f1sp)(2)1p()

PcS

<Olflsgo+ X Clflsp+ - > IT(flso)(2)[1g(x)

Pes PeS1 QeF(P)

=C|flsgo + Y. Clflsp + > |T(f13p)(z)[1p(2)
PeSy PeSs
k

Z S Clflsp+ > [T(f1sp)(z)1p(2)

: PES PESk+1

for any k > 0. Note that > pes, |[P| < 2 Y pes,, [P] < 27%|Qol, and so

S T (f1sp) (@) 1p(z) E25 0 for ae. x € Q.

PeSki1

Thus, taking k — oo in the previous estimate yields (Z13) for a.e. = € Qy.
Now our goal is to establish (7I8). First, observe that for any family F C
D(Qo) of pairwise disjoint cubes we have

|T(f13Qo)|1Qo - |T(f13Qo>|1Qo\UPE}.P + Z |T(f13Qo)|1P
pPeF

< |T(fls0) 1oy, p + - 1T(flsgosp)lle + X IT(f1sp)[1p.
PeF PeF
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Hence, to prove (I8) we need to find a disjoint family F C D(Qp) such that
Yper [Pl < %|Q0| and

T(f1s00) 1gny,., »+ 2o IT(fLsgnsr)11p < C|flsq,- (7.17)
PeF

Recall that by Lemma 14 the maximal operator My is weak (1, 1), with estimates
depending only on n and T'. Using also that Mg, f < 2Mypf (CI0), we get that
if Cy = Co(n T) is chosen large enough, then

={2z € Qo:[f(@)] > Colflsqe} U{x € Qo : Mrq,f(x) > Colflsq,}
i faulf . Clalf] _
1
Qo + Qo < n+2‘QO‘
Colflsqe ~ Colflsqe ~ 2
We apply the Calderén-Zygmund decomposition to function 1g at level A =

2771 to get a collection of disjoint dyadic cubes B C D(Qy) such that for every
PekB

Bl <

1p <2\,
= 1P| /

see Proposition B-13. This is equivalent to

P P
| |1_]EOP\<‘ |

o (7.18)

At the same time, recall that for a.e. x outside of Upep P we have 1p(z) < A =
271 This means that |E \ Upeg P| = 0. It follows that

. . 2n —+1
PZB|P| <2 +1PZB|E0P| R < 2n+zyQO| |Q0|.
c S
We set F = B.

Note that by (ZIR) for every P € F we have PN E° # &. Thus, there exists
x € P such that

MT,Qof(‘CE) S OO'f’?)Qov

and so

es{ses]yp 1T (f1300\3r)(&)] < Colfl30,-

This estimates the second term from the left hand side in (I7). Regarding
|T(f13QO)(x)|1QO\UP L Py We use (13) and the definition of E to get
S

T (fL300)(2) 1oy, p(*) < [T(fLagy) () 1gpe(2)

(3)
< Clf(@)[1gpe(x) + Mrgyf(2)lgne(z) < CColflsqs + Col flsqo-
Thus, we have (I7), and the proof of (I3) is complete. O
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We are ready to finish the proof of sparse domination for Calderén-Zygmund
operators.

Proof of Theorem [Z12. Suppose that f € L'(R™) is compactly supported, and
without loss of generality assume that supp f C Ry for some Ry € D.

We construct a family R C D which is a partition of R™ and such that for every
R € R we have supp f C 3R. First, we add Ry to R. Then, we cover 3R, \ Ry by
3" — 1 cubes of sidelength ¢(Ry), and we add them to R. Next, we cover 9R \ 3Ry
by 3™ — 1 cubes of sidelength ¢(3Ry), and we add them to R. Proceeding this way,
we cover all of R", and for every R € R we have supp f C Ry C 3R.

Now, we apply Lemma I8 to each R € R. We get %—sparse families S(R)
such that

Tf(x)| =|T(f1sr)(z)| < C Z |flsglo(z) for a.e. z € R.
QES(R)

Taking S’ == Uper S(R), we have

ITf(z)] <C > |flsglo(z) for ae. € R™
Qes'’

Since R is a disjoint family, and cubes from S(R) are contained in R, we see that
S’ is i-sparse. Finally, we set S == {3Q : Q € 8}, so that

Tf@)] <C ) |flelalx) = AslfI(z).

Qes

Note that S is ?ﬂ%—sparse: if Eg are the disjoint subsets associated to ) € &,
then

1 1
Epl > = = 3Q|.
Bol = 5101 = =130

This finishes the proof. n

7.5 Necessity of the A, condition

In the last few subsections we have shown that if w € A, with 1 < p < oo, then
all Calderén-Zygmund operators are of strong type (p,p) with respect to w (see
Remark [72). Now we prove the converse.

Proposition 7.17. Let 1 < p < oo. Suppose that w is a weight, and that one of
the Riesz transforms R; is of strong type (p,p) with respect to w. Then, w € A,,.

Hence, the A, weights are truly the correct class of weights for which one can
study singular integral operators. Note that in the proposition above we don’t
need to assume that all Calderén-Zygmund operators are bounded; it suffices to
have one sufficiently non-degenerate operator, such as one of the Riesz transforms.
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Proof. Denote by e; the unit vector in the direction of the j-th coordinate axis.
Fix a ball B = B(zp,r), and denote by B’ a translate of B by 3re;, so that
B' = B + 3re;.

Let f € L*(R™) be a non-negative function supported in B. Then, for z € B’

we have
/|x |n+1 () dy.

Observe that if y € B and x € B’ = B + 3rej, then if we write y = zp +ru, =
xp + 3re; + rv, with |ul, |[v| <1, we have

T — Y 3r +rvj — ru; 1 3+v -y 1

Y

|z — y|ntt a |3re; + rv — ru|nt! T on 13e; +v—u| — 5pn

and so

1
Bif(e) 2 = [ fly)dy ~ / .
By the strong (p,p) estimate for R; we have

w(B') (f5) < /\R flPw < / P, (7.19)
Similarly, if x € B and y € B’ we have ‘xrjy_‘f{il < — 57‘"' Hence, if non-negative

f is supported in B’, then for z € B we have R;f(z) < —fp, and so

wB(fo)V 5 [ 1w

Taking f = 1p we get w(B) < w(B'). Plugging this into (1Y) yields
w(B)(fs)" S [ fru

for any non-negative f € L?(R") supported on B. But this inequality implies
the A, condition (as already seen above (68)): if we take f = w!™ 15 (we may
choose such f by approximating it with bounded function), then the inequality

above becomes »
1 / !
B)| — / 1=p < / 1=p

which is the ball variant of the A, condition (see Exercise 69). O

Remark 7.18. Proposition [I7 remains true if we replace the weight w by any
Borel measure ;1 on R”. That is, if R; is of strong type (p,p) on (R™, i), then p is
absolutely continuous with respect to the Lebesgue measure, and its density is in
A,. See Section V.4.6 in [Ste93] for details.
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8 Adjacent dyadic grids

Many operators commonly used in harmonic analysis have their dyadic counter-
parts. As a concrete example, consider the dyadic Hardy Littlewood mazimal op-
erator Mp given by

Mpf(z) = sup @ L 111

r€EQED

which is a dyadic counterpart of the operator M, introduced in Subsection G

Due to the nice tree structure of the dyadic grid, the dyadic operators are often
much easier to handle. However, at the end of the day one always needs to face
the question: how does the dyadic operator relate to the original one?

Different variants of the Hardy-Littlewood maximal operator that we have seen
before (centered, non-centered, balls, cubes...) were pointwise comparable to each
other, see Exercise B2. This is not the case with the dyadic variant. It is immediate
to see that for any f € L}, (R™) we have the one-sided inequality

loc
Mp f(z) < M.f(x),

simply because the supremum in the definition of M, is taken over a larger family
of cubes. However, the converse inequality

M.f(z) < CMpf(x) (8.1)

fails for all C' > 0! To see this, observe that for any f # 0 we have M. f(z) > 0 for
all € R", so in particular supp(M.f) = R". On the other hand, for f = 1jg 1
we have

supp(Mp(1jpn)) ={x € R":a; > 0forall j =1,...,n}

because all the dyadic cubes intersecting [0, 1]" are contained in the set from the
right hand side. This shows that the pointwise estimate (81) is false.”.

What is the property of the dyadic lattice that makes it “incomparable” with
the family of all cubes, or all balls? Recall that when proving the comparability
M f(z) ~ M.f(x), it was crucial that for every x € R",r > 0 we had a cube Q
such that B(z,r) C @ and |Q| ~ r", so that

1 1
. < _—
B0 Jnen 115 11 o M1

We can no longer do the same when we restrict attention to dyadic cubes. It may
happen that the smallest dyadic cube ) containing B(z,r) satisfies £(Q) > r, or

30n the other hand, a weaker estimate in terms of the measure of level sets is true, see Lemma
2.12 in [L)1,1o(,)1}
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even worse, that no such dyadic cube exists! This happens with any ball centered
at 0.

To remedy this, we will consider some generalizations of the usual dyadic grid
we worked with so far.

8.1 The one-third trick

The main idea is to replace the usual dyadic grid D by a finite number of grids
{D*}cce, where each D¢ has the same fundamental properties as D, namely:

(D1) D¢ = Upez Dy, where each Dy, is a partition of R”,
(D2) each Q € D§ is a cube of sidelength £(Q) = 2%,

(D3) if Q, P € D° satisfy QN P # &, then either Q@ C P or P C Q. In particular,
each () € Dy is contained in a unique parent cube ) € Df_,, and contains
exactly 2" subcubes from Dy .

The advantage of having multiple lattices is the following: they can be constructed
in such a way that

(D4) for every z € R™ and r > 0 there exists some e € £ and ) € D° such that
B(z,r) C Q and £(Q) S

Definition 8.1. A collection of dyadic grids satisfying (D1)—(D4) is called a collec-
tion of adjacent dyadic grids.

It has been known for a long time that one can construct a system of 3" adjacent
dyadic grids simply by setting for every e € £ == {—%, 0, %}"

DYR") = {27 (m +[0,1)" + (=1)*e) : k € Z, m € Z"}.

This is the famous “one-third trick”, and it goes back to Garnett and Jones [G.J82]
and independently Christ.

In dimension 1 an equivalent, and perhaps more illuminating, way of defining
D¢(R) is the following. Define D§(R) as the translation of Dy(R) by e, as above.
This uniquely determines all the generations Df,(R) for £ > 0, and we only have to
define the dyadic ancestors of cubes from D§(R). To do that, it suffices to define
the dyadic ancestors of Iy = [0,1) 4 e, and this will uniquely determine all the
generations D (R) for k& < 0. There are two possible dyadic parents for Iy, either
Il :==[0,2) + e (so that I is the left child of Il) or IT == [0,2) — 2e (so that I is
the right child of I7). We choose I]. Now we need to choose the dyadic parent to
I7, and this time we choose I% (so that I7 is the left child of I!). We proceed in
this way indefinitely, always alternating between left and right possible parents.
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Proposition 8.2. The grids {D}.ce form a collection of adjacent dyadic grids.

Proof. The properties (D1) and (D2) are trivially true for D¢(R™), so it remains
to check (D3) and (D4). First, we show that it suffices to check them for n = 1.
Indeed, note that for any @ € D°(R") we have

Q:]1X'-'Xln

for some dyadic intervals I; € D% (R) with |[;| = ¢(Q).

To see (D3), let @, P € D(R™) be such that Q@ N P # &, and without loss
of generality assume that ¢(P) > ¢(Q). We have Q@ = [} x -+ x [, and P =
Ji X o+ X Jp, with I;, J; € D¢(R) and |[;| = €(Q), |J;| = ¢(P). Since PN Q # &,
we get I; N J; # & for all 1 < i < n. Recalling that ¢(P) > ¢(Q), the property
(D3) for D% (R) gives I; C J; for all 4, and so Q C P. This gives (D3) for D¢(R"™)
assuming that it holds for n = 1.

Regarding (D4), if x € R® and r > 0, then B(z,r) C [T\, (z; —r, x;+7). Using
(D4) forn =1, wefind ¢; € {—3,0,3} and I; € D%(R) such that (z;—r, z;+r) C I;
and |;] S r. Set e = (eq,...,e,). We may assume all the intervals [; have equal
length, and then @ = [\, I; € D(R"), B(z,r) C @ and ¢(Q) < r. This gives
(D4) assuming that it is true in dimension 1.

Suppose now n = 1. We need to show properties (D3) and (D4) for D¢(R).
We start with the nestedness property (D3). Observe that it is equivalent to the
following statement: for any k € Z and | € Z with [ < k the set of endpoints of
intervals from D§(R)

Ve ={27F(m + (=1)%e) : m € Z}

satisfies V}* C V}¢. It suffices to show this for [ = k£ — 1, as the general case follows
by induction.
For e = 0 this is trivial, so assume e € {—%, %} The crucial observation is that

2¢=3e—e¢ and 3ee{-1,1}.
Thus,

Ve, ={27" m+ (=) e) :m e Z} = {27F2m + (—1)"'2e) : m € Z}
={27F@2m + (=1)"'3e — (=1)"te) : m € Z}
={27F@2m + (=1)"'3e + (—1)*e) : m € Z}
C {27 (m+ (=1)fe) :m e Z} = V.

This finishes the proof of (D3).
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Now we prove (D4). Fix an interval /. Choose the unique k € Z satisfying
31| <277 <6|I].

We claim that there exists e € {—3,0, 5} and J € Dg(R) such that I C J. Indeed,
observe that

Vk = U Vke

eef
satisfies V), = ? -Z. Let z € V}, be a point such that

—k

2
0 < dist(z, 1) < =5~

Then, z is an endpoint of some dyadic interval J of length 27 containing I (it’s
either z + [0,27%) or 2 — [0,27%)). Since z € U,ee V&, we get that J € DE(R) for
some e € £. This finishes the proof. O

8.2 Conde-Alonso’s grids

For most applications the 3" adjacent dyadic grids from the previous subsection
are perfectly enough. Nevertheless, in some cases it may be useful to have a system
of adjacent grids consisting od fewer lattices (for example, if we care about the
dimensional dependence of our estimates).

Recently, Conde-Alonso [ConT3] proved that one only needs (n + 1) carefully
chosen dyadic lattices {D’ 7o to form a family of adjacent dyadic grids in R",
and that this is the optimal number of lattices. The construction goes as follows.

Observe that a dyadic grid is uniquely determined by choosing a unit cube
(which we will call “initial cube”) and then choosing its dyadic ancestors?. Let
D := D be the usual dyadic grid on R™. For any other j € {1,...,n} we define
dyadic grids D7 using the following algorithm. Let p, > n be the smallest odd
integer strictly larger than n, and let v := (1,1,...,1) € R™.

(i) We choose the initial cube of D’ to be
- n, J
Q:=[0,1)"+ —wv.
Pn

This uniquely determines Di for all generations k > 0.

(ii) There are 2" possible dyadic parents of Q. We choose Q! to be the unique
possible parent of Q satisfying

4We already saw this in the discussion above Proposition B2
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(a) Q' =1[0,2)" +Av
(b) A€ 2Z.

There are only two possible parents of Q satisfying (a), namely [0,2)" + p%bv
and [0,2)" + %V. Only one of them satisfies condition (b), and here we

crucially use that p, is odd. The choice of Q' determines D’ 1-

(iii) By induction, the parent of QF~! is chosen as the unique possible dyadic
parent satisfying

2k:
Q" =10,2") +\v for some \¢& —Z.
Pn

This choice determines D’ ,.
Proposition 8.3. The grids {D’ "o form a system of adjacent dyadic lattices.

Note that in the proof of Proposition B2 it was very easy to show that (D4)
holds, and most work was dedicated into proving that D¢ for e € £ are dyadic
lattices. Now we are in the opposite situation, where the properties (D1)-(D3) are
immediate for D7, but we need to work a bit to prove (D4). We begin by proving
two auxiliary lemmas.

Lemma 8.4. Fiz k € Z. Let V] denote the vertices of the cubes in Di. For all

je{0,...,n}
—k

. 9
V!V, =—72"
Pn

Proof. The statement is clear for k = 0. For general k, note first that if a single
vertex v of a single cube @ € Dj, is in V4, then the same is true for all the other
vertices of all the other cubes in Dy, simply because the other vertices are of the
form
2 "%p,
Pn

for some m € Z". Now, if k > 1, then V§ C ij. Since V§ € Vy C Vj, we get that
some vertices in V; are contained in V. Hence, V{/ C Vi. On the other hand, if
k < —1, then the cube Q* from the construction of Di has a vertex at Av. Since
AE %Z, we have A\v € V., and so ij Cc V. O

2 Fm v =

m+v eV,

Lemma 8.5. Denote by m; : R" — R the orthogonal projection to the x;-axis. For
any 1 € {1,...,n} we have m;(V}!) N m;(V ) = & whenever j # j'.

29



Proof. First, observe that VJ N V] = . This is simply because a smgle vertex
determines the entire 2~ k—grld and so V7 N VJ + & implies V{ = V;/', which is
only true if j = j'.

Now note that W,(V]) 7 (V) for any 4,7 € {1,...,n}. This is because for
every i the set m;(V{) is a 2% grid on R, and they all contam the point - (here
we use the fact that v =(1,1,...,1)).

It follows that if we have 7;(V}) ﬂm(Vj ) # @ for some i, then m;(V{) = m(V{')
for all 4, and the grid structure of V;/ then implies V;/ = V" O

Proof of Proposition 83. To prove (D4), it suffices to show that for any axes-
parallel cube R C R" there exists some j € {0,...,n} and Q € D’ such that
R C @Q and ¢(Q) < ¢(R). Fix the unique k € Z such that

2—k—1 2—k
</U(R) < —.
Pn Pn

Note that the upper bound implies

#(mi(R) Nmy(Vy)) < 1 (8.2)

for all ¢ € {1,...,n}, where # denotes cardinality.

We claim that for some j € {0,...,n} and Q € Dj we have R C (). Suppose
this is not the case. Then, for every j there exists i; € {1,...,n} such that
mi, (R) N mJ(V]) + @. Since there are n + 1 families D), and only n projections
m;, by the pigeonhole principle there exist 0 < j < j' < n such that i; = i = 1.
Hence,

m(R)Nm(V)) 4@ and m(R)Nm(VY) £ @.

By Lemma B3 we have 7; (VY )Nm;(V{') = @, and by Lemma 82 m;(V{ )Um; (V') €
mi(Vk). Hence, #(mi(R) Nm;(Vk)) > 2, but this is a contradiction with (82). [

The following exercise demonstrates that n + 1 is the smallest possible number
of adjacent dyadic grids.

Ezercise 8.6. Suppose that A', ..., A" is a family of n dyadic lattices on R".
Show that there exists a point ¢ € R"™ such that for any ¢ > 0 and j € {1,...,n}
if B(z,e) C Q € A7, then £(Q) > 1
Hint: Find cubes Q; € A, j € {1,...,n} with ¢(Q;) = 1 and such that
1 0Q; # @. Then pick ¢ € N)_, 0Q;.
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8.3 An application

We give one simple application. Recall the dyadic variant of the Hardy-Littlewood
maximal operator Mp. As explained below (8), the pointwise estimate M. f(z) <
C'Mp f(z) is false for all C' > 0. However, if we replace Mpf by a sum of maximal
operators associated to a collection of adjacent dyadic grids, things look better.

Lemma 8.7. Suppose that {D}.ce is a collection of adjacent dyadic grids. Then,

Mf(x) $ 3 Mpe f(x). (8.3)

eel

Proof. Let @ be a cube containing x. By the definition of adjacent dyadic grids,
there exists e € £ such that Q C P € D¢ and ¢(P) < ¢(Q). Hence,

1 1
a1 Jo V1 1y 11 < Mo p (@),

Taking supremum over all cubes () containing x finishes the proof. O

The estimate (833) can be used to give an alternative proof of the weak (1, 1)
estimate for M., avoiding the use of the 57 covering lemma. Indeed, establishing
the weak (1,1) estimate for dyadic Hardy-Littlewood maximal operator is almost
immediate.

Lemma 8.8. The dyadic Hardy-Littlewood mazimal operator Mp is weak (1,1).

Proof. Let f € L'(R"), and fix A > 0. Let B C D be the family of maximal dyadic

cubes satisfying
: /
fI>A
Q| Q’ |

so that B is the family of cubes from the Calderéon-Zygmund decomposition of f
at level A. Then,
{zeR": Mpf(z) >} C |JQ@Q
QeB

and so
fQ|f\ f] 22
Y

{z eR": Mpf(z) > A} < > [QI < >

QeB QEeB
]

Of course, in the lemma above it doesn’t matter whether we take the usual
dyadic grid D or some other grid D¢. Together with (83), we immediately get the
weak (1,1) estimate for M..
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